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Abstract System identification methods are primarily divided into two categories: one is based on first-
principles modeling, and the other on data-driven modeling via machine learning. Although data-driven
models provide higher accuracy, their lack of physical interpretability can lead to challenges in validating
model reliability, thereby limiting their widespread application in engineering. As a novel data-driven
modeling approach, the elementary mechanical network (EMN) adheres to the existing mechanical theo-
ry framework, ensuring that the identified results can be interpreted from a mechanical perspective.

However, due to the numerous constraints within the EMN structure, its modeling accuracy is inferior
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to other data-driven methods such as neural networks. Therefore, enhancing the network’s fitting capa-
bility within the existing model architecture is key to further development and application of EMN. This
paper first develops a set of differential-algebraic explicit solution frameworks for EMN from the per-
spective of numerical computation and designs numerical solving algorithms, including the Euler
method, the second-order Runge-Kutta method, and the fourth-order Runge-Kutta method based on this
framework. Next, numerical examples are provided to analyze the computational accuracy and initial
sensitivity of EMN under the new framework, while comparing the three numerical methods in terms of
solving capability, stability, and time complexity, offering a basis for subsequent method selection. Fi-
nally, simulation experiments are conducted to build an equivalent model of LuGre friction by training
the EMN. The experimental results show that the trained EMN achieves a mean square error (MSE) of

only 0. 0018 and can effectively reproduce the internal state variables of the model, verifying the feasibili-

ty of EMN for both quantitative and qualitative feature approximation.

Key words data-driven modeling,

dentification,

51

il

1E AR TR FIRL 2 W5 v, R oA Y Y HE 2
BEAR AN TN B 2 RGAT NI G HE D TR R 1,
TA B A S R A HE R T A AR R R LS R 4
AR A5 A o DR T B LT A A R RD Bl R A A B A
WY gz B ST Y 7 AN [ B R T Bl oy ok 22
55 3K 2l A AL R A A SR S AR AL, BLAE 1609 4F, FE R K
AR Kepler AR 415 A f2: (1) UL I 9% k) 57 T K FH
5B T AR X b0 8 e R R
IR AR G ). B AL E AL BB 0T 1%
G2 S5 S R R R s — 5 50 3 I 5 — P i P A
WA R B HIY B T 58 50 H IR HE S 10 2 56 3K 2 A
LA B0 AT i R 5 L 2 BRI O F A 1 A
S5k B G AT R 1 20 TR B SR A T X
ARG BN KA e TSR R A, T
AN T3 BRI 2 DL B0 b A R 0 AN B L A —
5 P A AR A5 L A T RES

1525 FIHE AL R Y 3E 2D AR B B EE AR R
i A K 22 R B O R S Y T AR G R 5 i
WA . 2009 4F L Schmidt 257 #2107 4552 14
SV B A A B 3Rk AR LG S, 2016
4F, Brunton Z5° 76 £ 5 [ 5 A9 SE R B LB TR
B HE R A IR s A A R B 4 R
G IFEIRTER 2L R 5 LS8 T RF. Z X2k
D5 R s 3 AR B IR s R O R A S 5 T
PR & . BB B B8 9K 3h A% RS R T 43 Sk

physically interpretable network,

reconfigurable network

machine learning, system i-

R, =g 2 SRR R A
PR 2 B I B A A, A AL AT 2
FE R T R B W, Huang 455 (8 2 DL £
T Sy % bR R, 1S W) B R S R 43 E . Udrescu
SRS WA R T — R 23002 A Y
BB Z YT A T S A R A oK R Y
LA B 0 PR I T e A [l 0 45 B 1 5 T LA AR A5 A
A S A0 A A e, LI B AE T 5 RO SE 3 R B
TR T AE 2 X T i B BB A0 4005 BOR A
L & BB & R I S — S AR Ty
125 ) 2 i N T 28 0 8 AR e M V0TS oK AR B T A
AR i 228 0 9%, A 70 57 3 i 2 S ol IO 8% 11 B A
TROE 38 T ERIR I M8 A BE AR LA R
FELR A A o, S T AR s I 4% 1) B
X Bl ARy v R e AR OIS M S R R
U] R 2t 400 (AR AR G A

FHER T 22 50 0K sl A, 500 R 3l A A AR AT T
SRAYILE RE T L H S5 R 2 o i 4 i BAR AR, iX
— BULE TR B 2 0 45 v s DI T PR AR
JC 1IN T R L S RE AR A5 A R 2 T Y e
e Z XY R A R XE DL S5 R T e R
P SO K 0 A8 R Y e Rk EL A R S — b
7 ik R P 1) 7 1k 2 B e R AR Y R AR K
AT VR AR 4 A . Reichstein 255 5@ ok 55 — 1 )5 34
e R G E A 34 L BE S AR AR L &% 5 ) 19 T B
SHEAT 2] Huang %57 KRR 91 H & i A R
GErp U5 5 L RE % ™ A% A B B L. X T



5

PSR EE T3 2E T R A B T3 5 i 5 RO TR Sl A T 11

TR E Pt 22 [0 238 g ol ) 50 B0 K S AR, ol 1 R ) 5% 4
R X 1 5, LA 45 5 5 — i DA A0 AT e R
I Z0E 2 Y Ei Al B 20 455 A B OC i A5 A 1Y i B
P BPASE RS 5 A 52 bR S g FAE R R 2 )
#% (physics-informed neural network, PINN) j& —
Tl R 45 Py B0 P ST A B 2 20 AT 55 Y ol 2 R 4%
5855 W) I TR 0 B0 A0 3K 2l @ AR L, PINN 49
BRIRAAE R 29 ik A 0 T BE 1 28 T 2% 114 45 2% R 4
w8 I G R R R TR 1 A B R A
Tten ZEU V4R I T 4 A 2% — WA B2 — RS 8 Y
PINN 2244 , I 38 1o BH J& 12 45 DU A ] B 40 21 R 48 3
IE T 2848 59 0] 47 4. Chen 255" 5 T2 00y L ¥ 23
[i] - B HICR AR A I R R IR 5 O I 5 i IR S
A g R T PR I 2 3 SR A AT A [E L 45 3
AR 2 Gt iz 3 1 o> J7 AL SR, PINN 1Y i B¢
PETE T & R R 200 A PR AT T R GE ) 5 28 K
AR A O S M 28 80 X S BB I 2 B T
PR 1.

ANTE) T b 3A ] A R Y TR RE B, g 2 ST A M
2% (elementary mechanical network, EMN) Ll i
B JE A L P A B W B S AR Ty 2 ou
R IT” PR T N TR ) A AR Y O ) 45 AR
B AL, DA T H A E B B W ) 2 ] i R
PSR S H T A5 TG 22 TR R A T Y
FERLON Sy e M T S R e AR T R R
Bl 2 M ooy B B R R I T SR HE AR R
BAR Lo 2 RLASE 52 1) R ), R 15 3 W 2 I G i
.

L5 FRTR 1 2E e M s AR S —Fh R W B
SCHY IR SR S A, ] DU RS R GERFETE N 1Y
A, J 1 i — 2 i vy O 2 TR B2 O R UE 15T
B AR SCORT 00 4% A5 78 7 24 T 00 ) R 50 £ 1 9 vk
AT T WU

WEFENALHWNT TR T J1%oe
17 DO 2 %) B S AN, 55 T T R A T TR
R RE SR AT 5 05 1k B RN B U AR Lt o o O A
A ekt o B ORI 2, Bk — 2B 4w ) 2 oo R 4%
RERY TR, JF ol I 28 TR BE R 32 BRI 28 =1y
R 3 S0 ) G 6 SR B 0 K R R B L B
W TR IR SR XS 2 0 465 1 52 L 2R U T
HEJ5 1 727 oA P45 8 T LuGre FEEAAY, M
I8 1 285 1 i 8 2R 56 UE 27 TT A ) 2% 1) K B2 R ) B

AR f i BEE 4 S0 IR T ) S oo e 4
189 R KA 5 7 1)

1 NETHMBERREEER

B AR E 248 th T 127 Jn 1 R 2% 0 AR 28
. IF ot 2 Ty — A2 IB W9 1R B AL ik v Kt 47 1
T AR SO AR TR R B T R O
DATAC 35 ) A 500 T 0 IR 5 R G 9 Al ot 11
BB

1.1 AZETHEMBRL

R 7 A B AR SO ST A 41 T 2 on
P 24 4 1 5 X K ST A R BRI AT, g 2 oT
PO 265 8 B L BHLJE A% R VRS 3 FhoT R A, 23 )
FE N R AR ] P DL R R R R L R
(5N

W1 Er R L X3 2RO Sl i I OB K1
AR AR e R IOE 1 AL S LR
FFIBRIE 1 A~ P45

Layer N,

- M ‘E’

;E;; ,,,,, AAA
Group M L::_]

Layer N,

F1 Jya oo ik 4 i A

Fig. 1 The general architecture of elementary mechanical network

T R IO 255 A6 TR 3 Tk R fE— L R S E B
2 LI -

MW 1. JTHHEFIRN. B g o
P B2 T R R E f 5 | TBR AIDUF HAHES ).

B 2. BEHHEFIHM. & L0 b AR th e &
Ao S R e BE T BB T RS 5 5 A7 A B
7R AR [R] A 1 92 074 TR 2 4 BELJE 2 B md
THFHES 5 75 0], $2 1 558 W 2 2% 50 T P RS,

MW 3. AHEFIMN. WK h&HAm EET,
S BRI 2 B TR HE S 5 A B2 KO ]
D) 42 A e o T e B 5 ) 1 Y T HE S o T
B JEE 45 7 1 (ELA (5] JU)-P42 R ASE e v L JE 45 BHLJE &
WO T 7 HE S 5 15 U, $2 B85S W R R R TR
HeF1.



12 g h % 5 o OH ¥ M

2025 4FE%F 23 &

MW 4. BBHREN. WA Yh L 2 H
FUVF B — A BT BB ) R 2% AL W) i) i IR AR
T — 2H B A S R L, AN i
PEBRE L e <<peo - MIXZH BE 7 A2 B4R T D R
ACAT IR gy 57 A B oA R i T 6 125 9 8 A
ToRAR .

RS @ ALY S AR R B D 45 ) 1
(R gy B2 2, — 5 0l 2

P S p <t <#iNi . D

R o M s M AL P e da
BN AR IR ARG R 3, — 52 I 2

Ny <N, << Ny. (2)

RS @ ALRY S S, IRy B B e, R
ZHRYERLIN 2 F 4, R 2 S5 i A K T vk B
WL WA AR A SRR BN S

1.2 hETHMEEE

BBEE ¢ A ) DB RN« B
Yerbig Y B B e BLJE A BHLJE R BN
C o FUE NI EE ZRBO ke UZAS B A2 19 1 T T m]
AR

[ =pytanh(ax ;) +c,x,; ki, s (3
o G I (H /N OR T EE S Y 6 A e
JEE

WA Ty 27 o R A 3 BRFE 5, BRI AR & L 1 A8
SETR BRI LB 0 2 A BRI Bl AR R R

s
21‘,1 =x , D
=
fi=Fns]=2,3,,S,. (5

o IR TTA M 45 I 3 S 61 8
P S, =1, DO ATR 2y =2 Bei

WILZE S @ AR 0 rl il 2 (3D A AR B A

S, =243 KW RARK G AT
pitanh(ax ;) +cyx,; +kjx;

S

—patanh(ad )+ (0 — Doa,) +

S.
kolz— D x,). (6)

HE— 5 ARG R 26 1 E 73 5 1 R B
IRIFLEARIE . i T AN B A B I3 1 28
By I #a #5542 )R AR H A R R, X6 Al
AR

i tanh(ai,-,-) + C,vjl.",j +kij1ij
S

=, tanh(Bx) + ¢,y (x — 211/) +
i=2

kol — D). <)

S 8 s R N I T % BT % A R
BT o, 0 B R R R (R 4

—‘ﬁv—‘ﬁiﬂy B:a-
i
U, =diag(u ;) ,C; =diag(c;) .K,; =diag(k;),
iz Ciz
i3 s Ci3 s
u = € R S, ~1 o — c R s, —1 ’
s, Cis
k{Z Lz 1
k. 5.1 X S.— 1
k=|"|eR =" ]€R" w= :
k,'sl Xis, 1 S,

DR FEREIE T A
U, tanh(ax,) + (C; +c,wDx, + K, +k,wHx,

=lkayx +cpa + ptanh(Bx) Jv (8)
TP FabmE kS, H 4 Y. =x, €
R, AR
(H,(y,) +caw' ]y,
=— (K, +rb,aw)y, +g(z,2)v, (9
Hr

g, 2) = kqx +cy 7+ Buy[1—tanh® (Br) )7,
H,;(y,) =diaglh,(y,)],
hiz(yiz)
his(yi3)
h,(y,) =
his (yis )
¢ +ap,[1 —tanh®(ay;,) ]
i Fapsll —tanh® (ay;;) |

Cis, Taps, [1—tanh® (ayss )]
() BT 7R 3 2 504 N 45 1) 38 FH A Y, oK i 15 3]
y, Ja s AT RS Y AW AG AR F AR A B xR
o o ARAT O EIAT 345 2 M 245 565 7 411y
YEMI 1.
XF T2 () FIr 7 3 53 T3 A 1) K Fie ) f8E, — 7 THT



5

% JE B T W 2% A7 AR BE R R E SR e R A 0 1Y
THIE RS E y, MABHEBEH, (y) +caw' WA
AIREAN W BL . 2 MBI B Tk SR 8. o — T
I, ERERH, (y )X A v a5,
FETESRAT AR, TR FRATT AT LU T 2 8006 B 09
PR 3 2 C9) 19 3K A 58 1, DA T S B T A7F I 245 1 5
i B BT A

2 THMEZRBPHETETZ

3 (9) S T2 TT R X 46 B Y 1) B o B e TR T X
S AT DR B eR BOBUE 158 5 5 (i MATLAB
() odel5i pRED Xof F i N7 1 A7 1+ 5, (A 26 X (9) 1)
WOy ZBCERE H, (y.) +c vv’ AR, B2 %
(ELR gt 7 1% I I & H ) 8, Ry B 75 200K =X (9) il
5N

Vie=0.ly, ..gx,3)],

T (10)
Yinb :(Pb[yi.a ’g<~T MT):I’

(o — IR AR . Hoh, y, € RV %
TRAEAE A A 4 6 R M B IR A A Ly, €
R SRRy, LM e R A A i, 3
AEOHEN,,+N,, =S, —1.EZ.N,, JLLKO,
PR A [y, Ry A

2.1 WHAENEXRBEXLE

FURE 9 B b =X (10D B R 1 e 2R g B
AR SIE S REBUERE H, (y,) + e’
. At FATT A a0 B B
Case A: ¢, =0

Bk h (y) HAE 0 TR E N p,or =
1.2, N, » WIAT DAAS 3 ) 45 A5 6 S 1

(S.—1XN
i i

¢i.a - (E/’I aEpz [ ’E/)‘\",.;, ) S R .,

an
X E, FRS, — 1D XS, — 1 B p,
B Rl AR b b Cy) O TR IDLE R g, o =
172""9N,‘,|)9 mumu*@ﬁ%ﬂ%ﬁi}ﬁ%%ﬁ%

(S, —DXN,
i ib

@, =(E, E, .E, )€R :

(12)
AP E, FRGES, —D XS, — D R q,
G RN, FTRR 0, BU 91 S5 AR i B @,
75 .

Lo, =@, 0. ), G

B S EE Ly 2 0 4 BUE TR T 1k 5 00 IR B A 13
D, i
QI‘T}’I':< T)}’i:< )9 (13)
@1.13 yi~b
H
iva Yia
y,.=(D,~( )=((PM,(DM,)( ) (14)
Yio Yin

B ADMRAR ), PR @) 115
H,, (y,-.a))",-.a = —(K,, +/€11VaV2‘)y;.a -
kav,vyy, +g(@.2)v,,

. " (15)
(K., JF/CHVLVII, )Yip = _knvb": Yi. T

g(x,2)vy,
Hrp
H. (y,.)=@® H (y) ®,,
K. =@ Ko,
K.,=® Ko, ,,
v, BB N, W1 — Wy, B4R N, 1Y
L— I hE. R H,  (y, ) BXALITEEIE 0 W
XA . 2 (15) B = FOR A 5 X5 N A9 A8 B 34O
FFHJE (BHJE REH 0) ARG AL 4 K& HAHEL K,
RIX i EL RA—1 0 oK. RIEHWN 2, B
0 L& % 0 TR T py, | DB R R I
TR ¢ =0 B S, = 2 BYIEIE ARG HLI 4,
Rk, #0. B, REUEFEK, , + &, vy, WIEATH
M. UL AT — AR R KR B T LS
V.= —H '\ (y, YK, +kigvyDy,., +
7.2 (@ ZOH L (y. )v,,
Yir= —ky K., FEavyvy) 'vyvay., +
gz D) K,y HEhavyve) vy,

(16)

A

=1 kv, (K., Fkyv,vy) v,
k%8
Case B: ¢, #0

A ARk, (y,) 0 TTRALE N ¢,
r=1.2.00 Ny o 3G 38 ) 45 AR 4

(S, —DX(N; =D
i iy

Q,i.h: (qu ’Eq9 ’".’E‘/\“ 71) S R ’ ’
- isb
an
Al
(S.—1
®. -E, €R, (18)

X E, FR(S, —D XS, —DRLIFENE g, 51,
Lo, =(@,,.0 . @, ) AKX, HikH
7€ @ 1



14 3 1 % 5 o= OH ¥ W 2025 4F5R 23 &
. T . /T . V.
H, (y,)+cyvv, CiaVaV Ci1Va Yia
/7T /T / -/
CinV VY, CaV Vo, CiaVoy Y i
LT T X :
Ci1Va CaVy Ci Yigy,
T /T
Ki-,a +kilvava k(lvav b kilva y[’“ v
a
/T ’ /T ’ ’ o ,
= — kv, Ky +kavyvy kv, Yiv |[t+glx,x)|vy]» (19
T /T
kilv“ k’lv b ki‘/\'., +kil y’q.\n./, 1

Hrr,

Y i =i Vi, Va0

H, (y,)=@0  H (y)®D,,,

K,,=®/ K®, .K',, =0 K, .
v, BEHCH N, 1 — iy, RAEHC N, —1
) 1—m. B8R Te, 70, XKAD A A5H £
T IRy FE I

L AD W 3 43 HAT W o [/ B Z2 5 v/, 0
X AD B 2 43 BAT AW 15

K/,-'l,y’,,h=/e,q\,’_lly,qvl hvlb, (20)

BHUZES, =2 &M T 45 ¢ =0, W42 i X
(16) T 7 3 AR Ay i SR At 122 21 45 4SS B 1) A8 3
Koy, A cq 7Z0, M I (23) FrR 418 8oy 12
RAGIZA LSRRI AT Ry, R EHR R, % 1
JEIR T 27 TT A ) 28 B SR e 2ok AR 1 O 1.

F 1 NET RS BE K AR

Table 1 Pseudocode for numerical solution of EMN
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Fig. 2 The simulation results of numerical example 1.
(a) Comparison of response forces obtained from four calculation
methods; (b) Comparison of errors between each response

force and the applied force signal
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Table 3 Sliding threshold parameters for
numerical example 2

#1 M2 M3 Hy

0.001 0.1 0.3 0.6
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Table 4 Simulation time and errors for numerical
example 1 and numerical example 2

Numerical example 1 Numerical example 2

Method

Time/s RMSE Time/s RMSE
odel5i 0.272 1.650e—04 Invalid Invalid
Euler 0.229 4.058e—04 0. 246 0.053
RK2 0. 446 5.430e—04 0.462 0.042
RK4 1.113 3.06le—04 1. 130 0.029
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Fig. 3 The simulation results of numerical example 2.
(a) Comparison of response forces obtained from three
calculation methods; (b) Comparison of errors between

each response force and the applied force signal
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Fig. 4 The simulation results of numerical example 3:
(a) Comparison of response forces obtained from three
calculation methods; (b) Comparison of errors between

each response force and the applied force signal

x5 HEHEMNSHEEN I HERRSHERE
Table 5 Simulation time and errors for numerical
example 3 and numerical example 4

Numerical example 3 Numerical example 4

Method 10 e/s RMSE Time/s RMSE
Euler  0.249 0.115 0. 229 0.146
RK?2 0.428 0.043 0. 420 0.120
RK4 1.055 0. 040 1.037 0.100
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Fig. 5 The simulation results of numerical example 4.
(a) Comparison of response forces obtained from three
calculation methods; (b) Comparison of errors between

each response force and the applied force signal
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Table 6 Parameters of LuGre friction model

F. F, v, B o, 2 o,
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Table 7 Parameters of LuGre friction model simulation

experiment
a, a, a; T dt a B
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Fig. 6 The change of training losses and structure in the

simulation experiment of the LuGre friction model
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Table 8 Parameters of elements in EMN

1 H21 €31 k) C32 ky, H32 C33 33

4.45 0.18 3.55 69.38 3.09 21.86 5.96 0.52 9.83
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Fig. 7 Comparison of each response force between EMN
specific elements and LuGre friction model:

(a) Linear spring element k4, with o,z; (b) Damper element ¢,

with 6,2 ;(¢) Damper element ¢, with s,v
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