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Parametric Vibration Analysis of Stay Cables Using a Super-Thin
Elastic Rod Model

Guan Yongle Wang Peng’ Liu Baigiang
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Abstract The mechanical model of super-thin elastic rod is applied to describe the nonlinear vibration
behavior of the cable of long-span cable-stayed bridge. Firstly, considering the geometric nonlinearity,
sag and flexural stiffness of the cable, the multimodal nonlinear vibration equation of the cable under axi-
al excitation is derived on the basis of assuming that the static configuration of the cable is catenary. Sec-
ondly, the vibration equation is solved by multiscale method, and the existence conditions of the con-
stant solutions of primary resonance, primary parameter resonance and 3 : 1 resonance are obtained.
The sufficient conditions for the existence of the asymptotic steady solution are further obtained accord-
ing to the Lyapunov’s first approximate stability criterion. Finally, the effects of frequency ratio, exci-
tation amplitude and cable damping on cable vibration characteristics are studied by comparing the ap-
proximate solution with the numerical solution. The results show that the amplitude of the cable based
on the elastic rod model is slightly larger than that of the elastic beam model, and the minimum ampli-
tude of the main parameter resonance of the cable is reduced. Increasing damping can reduce the vibration
of the cable to some extent, but the suppression effect is limited, so controlling the excitation amplitude

is an effective method to reduce the vibration of the cable.

Key words Kirchhoff elastic rod equation, stay cable, axial excitation, parametric vibration,

multiscale method

2024-04-16 W F 55 1 F . 2024-05-15 W B Bk .
* [H 5 [ R BE A L4 Y B H (12272148.11772141) , National Natural Science Foundation of China(12272148,11772141).
T B (5 E#H E-mail:cea_wangp@ujn. edu. cn



38 g o o 5 E M o M

2024 45 22 %

51

il

R F IS R I A M B AE AT
Gy 7 A AR B e N o 5 e A G2 2 4 v DR ) 8l
FT 7= A B SRR s TR e B T 7E SRR
B 5 7 I . 2 RO B g T B AR A T R
(R4 Sl e 17, SCHRC3 I7E 2% 1 T HL R W A B 5% 50 5
WFE T SHAR Bl 1) 380Rh T K B R R 19 2 8k 3
FeRa e v, TR SN BIEGE T BENLIR G T % R
M) £ 2 B4 B0 5 P LA B3R T R IRl e 1B % B &R ik
Bl 52 ) JBTRH S B 9 T Al 1k A DL R T AR
PR S AR) IF AT T BUE BN SCERL7 5
T TS W X 2R JONE I N A N ) 5 ) SC
Hik (8175 SR B0 25 W BE 1 52 ) B 5T T R K B R B
TR 3T E SRS B 1 52 L T Bl AR R 5 1 34
DR AL R 0 S L 2B B 40 K L 32 A i 20
Wi, P2 Fy 7= A KA L2 g, B R E A ER T
SELNSHE T R B B AR AR 4 Pk R O 9k L o
BRL, G387 T PR ARk sh fi24 17 b R =5
O YR B Ree Pk, BRI DUAE C T RHL R M0 58 18 A
SRR B P R F S ALY N ) 2. E b
AL 5 EE I B8 R A RN W RS K, A AR A 3
PR 2 30 LA R AR T8 L K3 Rl iz 3 i 38 AT
N I % G2 AN BE S W 1 ik Hsh S AT
ifi Kirchhoff #8404 3o #1 1 2¢ BEE S Sy i iR K
TICAT AL T HESHESR . A 5] A Kirchhoff #
20 SR AR R DL A TR T (LR AR B R W LR A
T+ 2% IEHT L W EE X R iR 2l 19 % e, g3 B hr R
e Hh 1] 52 B AN AR FH T 19 41 2l 1)

FE AN SRR AT EL A T 08 IO AR G
FF U JEC HL A L 4 K £F 28 FAE 490 1) 25 55 L o 301 3 47
Felt TH IR T DNA 2 7 188 12 i JLAT 25
B B A= A KT 25 T FE IR 51 R B 5 Y 2%
Goyal "™ 3 13 %} ¥ it 45 A1 DNA ¥R 19 20 H7 » BF 52
T Krichhoff 5P AT 1418 B 5E o)) 25 [R) 8L, ) 4iE 4 | i
25 WRSL RS AR R AN R R ) 2 A Bl g o
(53 B 73 27 P TR 20 S AR A SRR AT 45 0 T A T &
G TAE. SCERL18 ]~ SCHRL23 J0F 5 1 st 4T 7 2 1Y
X AR S D R AR K R 3R R O A T R 5
Wi 5 BB A AR B T — ol AR o B
Kirchhoff 3941 1) & 16 7 ¥ , BF 58 #F 52 40 J1 1B H
B AR AN RS AR A AE B, SR 26 T0F5E T A A AR K

M T A Iz S AL I 8 0 S50 30 IE T A AR
ARG, SCHRC27 JA T 56 7 20 < s PR AF R Y Y
RHLR TS AT o3 A A 8] Z 8T S vk ar i A e
5 X iz AR TL AR AR Y 114 5 . fEL S A DK R A K
SPPERT TR R IR 3 A IS AR E

A TAEMAE Kirchhoff 541 HLiE L 4 S
RAEH B E T ) 288 dE Ltz s i #E. U
S KA R R T2 R 2 O ). Gl o 2 ROBE R
fifp A BIRHLR KA B IR ESHERM 3+ 11k
AR A M A L 2L FEAR R Lyapunov BIS T8
I M A 285 A 1) W R R O T A £ AL R AR A
ST H 4 A, B 5 i@ 33 DU By Runge-Kutta ¥ 801E f#
BT 43 BT A RIS 38 LG L 3800l Wt 8 R BELJE L X i R i
SRR, LU AR b oA o il R R sh iR kS
R,

1 R RRH N FRE

A1 B R O R R R 3 R O A, K
TSN LA P BB O L f (o) R
PR E S DL AIE AR 2 F Usin(0r) 19 %l 17
(VG297 MR E T AN e ol E TGS R
PLO N RL R R b & S AR bR S, P LA
O I SE 28 8] B AR AR &R (O —ay=) IR AR AR

P i Ol A R AR

Fig. 1 Axial excitation stay cable model

./ ’
M+AM

7 ST FraF
'_‘ . Aser

'/

mgAs

B2 RHrRBEoTBZ A

Fig. 2 Stay cable element force diagram



%9 A K AR A < e T A I R AT A T Y AR R R S B Bl a0 39

(O -xyz) 58 7 Whies% @ )5 B BEAE MR R PO cvy —mgcosy =0 (4a)
21 Frenet 8 &R (P-NBT).N.B f1 T RHi & v, dy
renet AR (PENBT) N Fir By —ps (S, )
PO 2V 2 Bl )2l R B2 22 . 4 Frenet Ak It
B 2R 5 R G Al A R T AL 1R R Y 1) vk A el cvy —mgcosy =0 (4b)
Nﬂﬁ%ﬁjﬂ%ﬁfﬁ 7:¢+a|§]2yﬂﬁéﬁﬂﬁ§$‘@ EIY,/+F\—J\ Q?B:O (4C)
FIHOGBE As AT T O PIRZ A o o .
ﬁ:}’*ﬁ,ﬂii’ﬁfﬂj UT1E%1£ ’H‘J—it(éla) \El_jt/ (4b))7\71'J5fE’5j COSQ .\ sIng E*Hﬁﬂ»ﬁ
() W2 1 K7 1 B 5 RRECES £
(2) 7% HEHL 2 0 99 1R 2 LRI (Fysing + Fycosg) —pS 00—

(3D L% P i 249 X i A6 0 B 25
(O A HJERR I 1 N R 3).
B B B 32 BLE 1 AR 234 01 A % gL e

cv, —mgcosa =0 (5)

(55 A7 22 8 7 (T S B A 2 120

X 1
FIE P A S 4, 4 As — 0 AR BME AT 3 )y 2 7 f(I)ZT*[Ch(Tz)*Ch(TI*Tz)] (6)
1
[ g
LT
5F /H\:EP’ T] :F’Z(%SO(’TZ: 21~
3 +w ><F+mg+cv—pS< +.Q><v) 0 0
é\ FNO \FTO j\]%‘g‘[ﬁjj 7Fz\'c[ \FTd j‘]l}ﬁbuijjg&jj
D Fr=Fy +Fqy , Fy=Fy, + Ty, P
d
XE = (] @) — MR #1115 25 A1
QX (J+02)=0 (2) (F»,O df+F\,(>cosgo) =mg cosa (8)

Hoh M RUF 9 VE e A ERAER o om
S e AHLF L L B A B R | AT AR BELJE
FBGo FEHIE T FoR B AT 15 4 5k

WL KRB AE v 7 160 1 RO
BHILZAR I 19 HOEHT B dp R LITXER

dp df Ju dw 1 /u)\?
B S HT R 0 A L 0 L PR B0 L “m;~5ﬂg a+%*7ﬂa)}”>
Jhfy th 2%, 0 ST R B HRE 22 9% 3R A4S Ay b o4 3% 4 B S
wy =005 =0 0 =0,M=EIy e, (3) inx
{150 A AR (1) 9 1] Frenet A8 bRl 42 5, 1 w(z,0) = 20¥,(0) « sinp 10
S5, G RAOMRARX D, BHEX « %
vy ; TEAT RSN MR R A 2% TG o !
F/N +F’[‘7/ _pS< ;t Ty, z]%)_ T ﬁ ﬁi?i ‘I'-Tl’i% i i1 ﬁ 'ﬁ: Ei

7’ i*EAY.* " 2 inEAT,Y, {eT2 [1— e e cos(im) | — e [1— e cos(im) ]}

0 : ‘
sin(0r +2 2L LT, i)

EA
Fp, =

(11)
/N RE 4 ds=da 530S R ADMRAR G H  Galerkin 2% HHE 7 25 B b 2, 45 24 =X
Wi [ e sin(nma /L) 4 o 60, L) 47 B, i Ak 5 15
2nnEAT, {e "2 [1—e T *cos(nm) ] — e [1— e cos(nm) ]} .
mL (4T% +n’x")
T, < iTrEATZ{eT2 [1— e cos(in) ] — e [1— & cos(im) |}

2_2

Y 2w Y, - {w?, +2=

Usin(&t )} Y, +

2 2 Yi +
L AT +n’x’
N in*7EAT, {eT2 [1— et cos(in) | — e '’ [1— e cos(im) |}
2 3 2 2 2 Y)Y, +
mL (4T +i°=n°)
ZN: ni’ EAT, { [1 —e *cos(nm) | — e [1— e COS(nTE)]}Y2 i

2mL* (4TS +n’x")



40 g % 5 & o# % W 2024 4F55 22 %
N 22 ‘ onnEAT,{e *[1—e  Zcos —e 2[1—e " cos
E i‘n°m 4EAY;7Y,, i nw ,{e *[ e 509(7127()] : 69 [ e Cog(nn)]}Usin(ﬁt):O
- AmL mL° (4T +n"n")
(12)
i , n'n'F,
A 0l = (1+K,+K>,)
mlL*
—2T, -7, 2T, )
7E1n27r2 K 2EAT:! [l—e cos(nm) ]—e *[1—e ‘cos(nm) ]}’
Yol P Fo(4T: +n'x")?
Hor K WK, MHERPUS NI EEXSE o s 7 6 A A 5 [ — 38 Dl W 1L 2% 1 T o 5 e g 7 R L
HIRBUR R n=1,2,3---N,N Nil& Bifi 25 BELJE L 1 85 R 9 /0. A R R AR L DX E] Y

25 R ET N B REAS. 50 2 ik A T 2% A
o, BN TRER WA K,.

2 ZREZX

K HZ R EZEH Lyapunov 18 %€ 7 B iS4 b
WAL PR iz 3h 7 &, o Bl ie R R & E F 3
P ESEALIRM 3 ¢ 1 LIRS0 SRR g TE. R
2 e A TR % T Y o T A TR T ]
Yy £ GBI R X L

2.1 FHiR

FRZEME 1 Fon & 3 MR R & A E R
F A 7l £k o T AT A L AR AR )R LT T
SR AT ASE TR ) 7 2R IR R O T SRR R . i R i
R AL XTI P A48 L AN SRy 1 T 603 41 46 L B K1 ]
A R I R R Al R AR L AR A R

x1 RAERSIHSH
Table 1 Parameters of stay cable S36

L/m A/m? E/Gpa F,/kN o«

m/(kg/m)

145 594.3 0.017357 205 8572.27  26.48

Elastic rod model
Elastic beam model
Elastic rod model
——t=1%

S/ —E=08%

®

0.90 0.95 1.00 1.05 1.10 1.15
frequency ratio
Pl 3 b 48 d2 AR A o A it £k

Fig. 3 The amplitude frequency curves of the primary

resonance of stay cables
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