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Nonlinear Vibration Characteristics of Cantilevered Fluid-Conveying

Pipe with Circular Motion Constraint”

Guo Yong'

(School of electronic and Information Engineering, Anshun University, Anshun 561000, China)

Abstract In this paper, the spatial bending vibration of a cantilevered fluid-conveying pipe with circular
motion constraints was studied to explore the influence of constraint stiffness coefficient and constraint
placement position on the two kinds of periodic motion of pipeline (including planar periodic motion and
spatial periodic motion) and their stabilities. Firstly, the vibration equation was obtained by simulating
the action of the motion constraint on the pipeline as a nonlinear cubic spring mode based on the existing
literature. Secondly, the vibration equation was discretized into a system of ordinary differential equa-
tions by the Galerkin method. The relevant coefficients (including the rate of change of critical eigenval-
ue with velocity and the nonlinear resonant term) that determine the qualitative dynamical properties of
the system were given in combination with the projection method based on the center manifold - normal
form theory and averaging method. By setting the truncated mode numbers to 6, the aforementioned co-
efficients were calculated at several sets of constrained stiffness values and constrained positions. And

then, the influence of motion constraints on the periodic motion of the pipeline was studied. The follow-
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ing conclusions were drawn: Increasing the constraint stiffness at a fixed constraint position or increasing
the distance from the constraint position to the fixed end of the pipeline while keeping the constraint
stiffness constant, both will reduce the mass ratio interval corresponding to the stable planar periodic
motion of the pipeline, and increase the mass ratio interval corresponding to the stable spatial periodic
motion; the farther the constraint position from the fixed end of the pipeline, the more significant the in-
fluence of the changes in the constraint stiffness on the dynamic behavior of the pipeline. Finally, the 6-
mode Galerkin discretization equation of the original vibration equation was numerically solved at some
specific mass ratios to calculating the oscillation frequencies and generating the configuration diagrams.,

phase diagrams, and Poincaré mapping diagrams, which validates the relevant conclusions obtained by

projection and averaging methods.

Key words fluid-conveying pipe,

springs, stability

51

il

ATz N T TSR W kAL S
o K A A TR A T T AR
PLK AL )7 R G55 2 B AT g 1447
IS, D 48 T iz 3l 7 72 Al o7 RS I 19 R PR AR
Sh Y B A A LR BT N T A O IR
B BIA I R 2 T R B A ) B R
JEAFHT L AT B IR A B AR I R
U N EE RN ORI S

FESE B W H] b, 8 T8 8 S T — 8 1 AR
BRI, TR B (4 A0 5 oo 1 R % 48 1B 1 i B A 2 R
FH PRz Zh 29 7. G A8 AR B I i —
SE AR 0 O 3 2 % A i BB AR L A 5 B
ARMWMAEMNT, AW FE NI ¥R L
Paidoussis % B W98 T & A 8 8h R Bl
o W AR Lt IR B, SO AR AR etk Tk
V8T AU Ny 5707 & s Sh 29 . 45 R AR B
B 3E A A A% AR 3 & dF TR 3. Paidoussis il
Semler™*™ 78 SCHR[ 24 B9 JE Al B A T 4 38 KR IR
iz 35| R A JLT AR 2tk , X LU 5 T %32 3 2 3 4y
SR AUL I ST Ty L RN STy = A 2R I AR TE B )
AT R SR IF R T T AE H Galerkin 5 i 5%
ARG A [R) 5L 25 4R DRI 0T X o7 ) B 45 2R 110
ZE 5. Jin" o0 SR (24 ] (932 3 29 ARk 25 1k
SR ST 5 SRS (Y RN L O 5 B R IR T B Y Galer-
kin Bl 7 8 0 LM 2 o A T IE 1 = AR 4
435, Wang Hl NiP7 #5957 SCHR 267 o (1945 4 {51
ST B )RR, Guo ™ BFSE T A R FRIZE B 4

planar periodic motion,

spatial periodic motion, constraint,

O OR R B A AR IR B B TR
RS o R 5800, o) 4687 38 43 22 180 R R Y 1
AR 45 L Z) . Wang AL Peng R OB
i Ik S IAE B R i S AR R 2 R T s B 2 R 5
e DA b SCHR A i ) 2 B 18y o A A 7 Ak il
TIBSh AR R T R Bl A AR is s 2R
A N A S5 et 1 i S R A A 1 3
AT RIEAT TR R TR E A TR R i) is
Bl it B v 538 Bl 2 o i s X R A P A
X A X R R L AR SRR (31 A0 SR Al |, T 2 Bk
R R g — 2508 7 48 P4 90 s A Jok 3 i et
EIHEN SRS M. DL SR R R R 2 A s
B A YA T8 1 F IR 30, Wang %5 B 9014 28 &
A Y S T IR B IR O3 0 TR T AT AR is e Yy
FRNERAR I 3 2 oW iz 3l 29 RS =, X 4 —Fh 24
SR, SO A3 AU A ST 5 SRR S 7 =T 2k
S, AT T B L A 2 RO A T /Y O TH iz
Bl AR A2 B, LR AT A Y R R

M SCHRZ5 R T LA 3] L 8 5E 5 02 3l 20 8 2 ] —
P Sy 51 2 ik, d ) 249 SR AR AL Sy S 2 A
B AR T8 KB Bl 2 SR AR R Y RS A 3R R TE
IR R R b, B s R AR s B K
TEOL B BRI E. P, A Y
R 8 R TR A X A T B 0 2 AT S R
AH I P AR 9 S T A T S O R ) BRI K
R Y BSR BT g 2 B L 8 000 O R 2 I M R
il RE XS B I L o RE AR I B Tk O R 0 R BRI E
TE Y JE i S WA B TR T AR 1 Bl
FERT. A ST AR SCIE R B GRS T P



26 8 %

TR B

2024 45 22 %

WG — W3S BT 2493 X0 i 1) R A7 5 5
1 g il T B A R AR GE 3 29 T Y 2R O ) &S

(] 25" ity 9 3y e K i A A M AR 102 Bl 2 R B AR
PR ST AR Lk S AR5 2 T, %?%‘JWT&*”
FR 3 SR AR A o 1 B R R A RS R B S R B a2

A Galerkin Xt kah ST E LS55 —4H
WA TR AR R IL AL T 45 B A 7 B R R AR
KRR T IS B A K Re e v S R4 T R R
O OC A TR 3 7 h B M RO S O 6
T 2O B K A 4 5 M R IBOAS [
IF o3 58 T A 7 FR W R E, B4 T A X A T
F1% 9 2 ) 1) 3 Bl (60 9% ~F- T ) 48 5 s A s ) ] s

) R E VB B LE B 2 A L 4B R T 2SR A
2R SR JRE 3 7 A PR 28O0 S8R O A A 1 ) 0 0z 2
F14 5 e LA

1 hEHRBH5EHGE

o 1 R RS, ME 1 iR, BN
KEN L, B KEMFTRERN m EHEEENp,
AR g PE AL o E L, B IR G N AN
AR 45 i R 1) B R /Nl VL B B 1 T N
M ETE X =S, hb32 438 8h 20 o0 5 45 502 o) 4 il 4ig
& 1(h) ] Wl F iR 19z gh, DLV R A Y i
MO X Bl A N TR I I o X Bl OE
m) B N R YZ SFTH L, IR O YZ ST B A
RN ABBRIF S O F ST P B H AR PR R O -XYZ

-
L
2 Motion

constraints

© @ (@)

B 1 () HAFRZ AR BE RS E: (b) =4 ik sh;
(O MFRF; (D FORIZ A RTE YOZ T B
()BT O(2) Xt Bk 4% 8t
Fig. 1 (a) The cantilevered fluid-conveying pipe with circular motion
constraint; (b) Three dimensional flexural vibration; (¢) Coordinate
systems; (d) The projection of circular motion constraint on the
YOZ plane; (e) The O(2) symmetric cross-section of the pipe

TR E R BIE B AR —H s W IR 7 &
I S5 F o5 — A A b 2R CRIBRBT AR FR R 0y o H:
SHBMHARER O-XYZ BV RS 1z
S E AR Y AR AL E LR 1) ~
Bl 1Ce) s N X RhE [0 & B A9 45 18 oz sh 2l g
P 1D TR 4 BA O) X FR iRk [ 1
(e) |, HIBARFNTH AL A, Wyl ASAZ , Bo2s NI EE S
EI.

BRI (X.Y.2) 1E ¢ B2 500 %
Cuysuysuy) ALE T ZOS B HIAS I H 645 (XY, 2)

FERPLAR AR (2 hy o 2) Fom g,

wu, (X, Y, Z,t)=x— X,

u, (XY Zt)=y—Y,

u, (XY Zt)=2z—27 (D

€00 //.\ ‘

@ «—"
B2 SR IG ( BT (b BIE

Fig. 2 The centroid line of the pipe is not stretchable: (a) before

the deformation; (b) after the deformation

WE 2 Fst A BB O 2R g1 A i £ Ak b
so HTCHIIG T 1, Bt LB 48 B O & AE iz 3 it
it o A R A L B s = XY
BROL LR — A (X,0,00 BATFRARH(5,0.0),
HAE ¢ W20 7 B < Bl R

r=r(sst)=G+tusv,w) (2)
HA u=u,(5,0,0,)s0=u,(s,0,0,¢t) AN w=
uy;(s,0,0,2) . BRI e

J du\ ? dw) 2

(1+a1‘) +52) +H52) =1 (3)

K FHBRBL — 171 %5 R A A, SOk 36 JE 4ath 1T
B 1 TR B R GEAEAS & 18 3 29 SR Y =5 IEﬂ%HEH%z
sy B LD IR A FAELR (S ] Hrb iy o i
ZHRANT

s w v El t
S*EOV*ng faf (m+M> 175
1
M\ = M A PG
v—(ﬁ> VL=l = )

LAY ¢ 2 20 i AOR B BN B A B R < &
BT AEAR SO AU B WA BT LA L RN, 5T
FRECT) (&) W« 5.7 3R AH N Y & X TG 12 2K B



5500 858 AT PRI Bl 2 oA B L A T A AR S R B R 27

B ¢ SRS BIC ) =a/dc, “$i” 2= A0 N 1Y 1 X) T6 EIESE DA
&, :Y//L (5)

BRI ¢ RO =a/98, FICHM“E”

“RC B SCE AN . 8(&—¢&,) & Dirac PR, Jo i 44 R
AR SOH 2 Bh A R W RO K S o

e (8 S UK = BN OR (i AR N | EI B

SRR (D H A B R AR S R (0) o, o

i+ vty 4 24Bvy (2l + Dy + 5[7/3 +q' ¢ oy oyl ]—

KL’
El (6)

RN .. P . ”. ” ” ”
7| e 2B G D g 5 Jdede +

fﬁm”+2ﬁ%##+f”+2ﬂ%65+w%#”+?%+nh“+@k“1f+
L= g™ 2y +20° +29¢ = +39¢0¢ —q0¢" +

J (" +¢¢P)de — 29 J J (" +¢¢PHdede] =0 (7a)
E+vig + 2B + Qi+ Dg® +3[§”3 +9 208 ety -
§"U;[é’2 + 2B 2By VG ) g Y Jdede +
?ﬁ@”+2ﬂ%id+ﬁ”+b@wﬁ5+ﬂw”+5%+ww”+ff”}f+
LI=CPe +2ggs +20 +2 g =gy +30gy — LW+
2@’[2(17"77“’ +¢e"Hde — 25”U;<77”77‘“ +¢'tW)Hdede] =0 (7b)
{r;(O,w77’<o,r>y,”(l,ﬂq”’(l,r)o .
£0.0) =¢ (0,0) =¢ (1,o) =¢ (1,7) =0
, . b, 3
ity F2Bvi Sy T U 2y 298 g ]—7;“ [y
2By H 2B v G ) g +§”§““]deds+77'J0[&; +
sz';'r;”+§”+2fué’§"+v2<77”2+§”Z>+77”77(“ +¢¢ 1ds +
RGP+ —L—5—¢€,) =0 (9a)
v’ +§
v g % O T ‘- ‘a . R
O I A N S L R I I S S S A ]—CU()[C +
2BV T2 Bu v D) g g e dede + g’ﬁ)[g +
2BEE By v ) g e Tde +
RGP+ >*7a<s—s,>_o (9b)
WS
. , - T C9) 1Y it Ay
2 Galerkin B#H R R MEH 2 " ”
J7<s,f>—2¢i<s>qi<f>
2.1 Galerkin B8 7 & 3 ’:1 (10)
k(s,f):Zws)pim
PR R 2 ) R 28 R BTG T R AR (8) T ik i
Hrp o, (&) L ¢, (&) REHERINE i Hidmik.

HOH O L pg g7 S Galerkin J7 3%, %7



28 g h % 5 o OH ¥ M 2024 1E4 22 %

q: (o)« p, (o) BEBEAEWADH ) EARSAY)T A A REE RN iR,

bron HEESEEIEL. ¢ (&) | ¢, (&) BHFEREAN. BRAORAT RO . (&) L ¢, (&) 7351
@ (&) = ¢, (&) =coshd ;& — Fe L 75 (9a) FTFE OB 3, FF I 0 3] 1 A 43T

cosd ;& — o, (sinhd ;& — sin,€) , (b 5
o, = (sinhA; — sinA;)/(cosha; +
cosA;),(i=1,2,....n)
4, tcud; Thyq, T AGua9090 + Biwg;aed +Cong;qud T Liug pebi +
Muq;pibr + Nyug;prpr =0
\F‘I teub thip, T AP L T Bl by T Coupibibi F Lgubiqig +
Mt ;qed: + Nyupdeg =0

Hrp

1 ”
vafJ 9ip; sk fj 0. ¢, d$+vzjo¢>f¢jd5
gl , e, Cfire , 3 o P
Aju ZJO% - [y (90_,J090k¢zd€*%J,Lw%d?d@ + 5 Coioup o000 +
L (e, P R .
@,,Josokgof“dé—@,J6J0¢k¢§")d€d$]d5+kg@,(S/,)so,(E/,)sok(&)so,(&,)
1 , (e, P
B :{O¢f' ZVW§(¢jJO¢k¢td5“’@/J_J0¢k¢/d5ds)d5
. e
Ciju :JO¢:’ (¢JJO¢k¢zd€“’¢1JEJO¢k¢zd5d5)d5
1 I I L (rre o, 3 .
Lﬁﬁ/:f[0¢r° [u‘(¢jJ0¢k¢,dS*4'¢]J Jo¢k¢ld5d5) *’E?(¢j¢k¢z‘+'2¢j¢k¢z)‘+
f g sbi“dé—sojj J Grps dedeTdE + ke, (6,0, (6,09, (6,04, (£,)

M :Jo¢z‘ 20\ (g, J grgpdE — @, J J grgp, dEAE) dE

1 L (e, , &,
N’vjk/ :Jogoi ’ (gojﬁ)gbkgb,défgojj’ﬁ)gbkgb,déd&')d{:
i g kAL BYMEBURE 1 8] n. Hor

S 0 1
Qi =Ti+q;, =TiiysPi =TiiomsPi =Tiism (14) L —K —C 0
W AR A2 A — B o Jr R A 0 0 0 I
X =LX + N(X) (15) 0 0 —K —C
> R R R T Ry TR Aty T I R N R R e T T R ST

n n n n
n n n n

K ISR N by o C HITCR N ¢y 1 A n Br 45,0 08 n BB FE. N (X)) R ARL B .

N(X) =[0:0. N (X)s+++s N, (X),0,:0, Ny, (X) 5+ N, (XD ] T

T e
H N(X) N, (XD 43518
N (X)) =—Ajuxxx, — Byux ja 0, — Coyd ;120 00, 1w — Lijud 120 1000, 1120 —
B(j/{[‘rj‘r kt2n X id3n T Cijk/xjf k30X (430
Ni+n (X) = _Aijkll'j72nl' kt2nL i42n B;jkzl',;z”l' Et2n L 430 cijkllj+2nI E3n X 1430

L ikl L jron X p X T Bijkzl'j+2111'k1 In Czjkz-Tj+2n~T ktn L 4n

(12)

(13

(16)

1n

(18

(19a)

(19b)



% 5 ) S8 5« AT BRI 24 0 0009 2 e 2 29
2.2 BEHE X =L@, +)X +NX) (24)

2.2.1  Im B

8t BT (15) (2R 3B 4

X =LX (20)
ROIE AL TT 45 il S . 2020 AT LA Al

HE IS
= 21
X, 0 L.|[X,
RCOFH0"H 2n MICK 4 N ER L,
1

0
L, =L, = {
—K —C

L, L, F°0” gy n Ron RN ERHRE. XD
XX

X, :[(11 2" gy ’(‘11 ""('Iy,jT :[Il [ vfzu]T ’
£1° Hno41> Hdn
n n

X, :[P PP ""?Bn]’l‘ :[17 2nt1 8"t e X f1n:|>[‘
£

e
WA M AR COFR X, 1 X, EAE
0y, HAT A5 R

X, =L X, 22)

X, =L,X, (23)

ZIEF|L, =L, . 5 22).(23) fEB R | E—
BEM . RS S B A5k, L, (L, B4FAE (H 2 4 TR
B, T 5 RE (22) L (23) [RIEFR Ak, Bk (22) 0 (23)
XEABERBE ZRE N LRI NN &L W
PRV R (22) L (23) IR EIER N L, .
L, . [Pt B — X R 45 Y 4 ke B0 AR L 540 T 40
P L AR Ak Ry E AT WO f ] B 4l i FRORe AR AR +
iw, s +iw, MIRAR. BT, I 590 B . 76 25 2 1 I
it B AL HEE L ELAT WX 4l i B0 A AR B BT X
MM GE R o). 4B EAR 19 B 3w, FX R
e AT R, HA DL A R AR X — A
TN T4 A L K B L A KR m B
WIEE ET 2 BE 2 1, {58 P 30 4% 1 9 38 1 Jo [ A i
JRRCH i pAE Gl UM LA 0 B 1 Z0ED) ]
R e F ELR 1 0 3 & TR UG 7 2 51 A O o
AT FEBE G LG BB AR AL R AR L B Ml TR
o T k.
2.2.2 [EHEITRE

FE 25 58 1 J5 i L B A 224 30k AR I A o, B
ARG e BF R RO RS A

WL, =L, ;L <o, « > FRPELELH
<x.y>=x'y T 5B FRIRBUE S
M Ly Rm Lo WEEHE 7ML (Lix,y) =
(x Ly SEbs EXF TR, Ly =L . &4k
- 18 AR U A A R H L B B 4 AR AR (D (L
HEAE [ 45 BT B8 AMSHE. AL B L, B R AR
{H iw, (—iw,) FFRERAE [ HIE8 we” (wi”) 4% L
BXT N AF R H iw, (— iw,) B4 AE M a2 id A
q.” (q¢”) JHD .

Lowl =i, wi” Lowl® =i w
Low? —ianow? Low® =—iw, 5
L5 4 = =0 L3 G =i
L, quZ) = —in(}(()Z) L q<()2) :iwoq(():)) (25)

A DA FRSCHR (36 ] 19 5 o0 v 2 (LR SR 16
JE An 4k n REESEWTED WO R A5) 8(24)
R4 TR 4 TR (2,02, JERED

i =iwez, +e.z, + Fopziz, +

J Fiunziz,2, + Fopozizs + O

. / - (26)
2, =lwoz, T ed .z, + Hopzoz, +
HmoZlZlZzJFHzomezz +0OC-)
Hrp
AL =(L w".q")y=(L w?.q*> 27
0 0 0 0
, —K' -’ 0 0
L. =
0 0 0 0
0 0 —K -’

K'.C' ¥ n Wy Wi, H T80 0 ke, =
ZIU(J()¢;¢;dS’C;j ZZﬁJ()¢I¢;dS.

ji*%(Z(S) EF‘ E(J/%ﬁ FZIOO ’F10117F0120 ’HOOZI’
H11107H2001 HﬂTitﬁﬁ%

1
WD g (D (1 =
F2100:?<q0 Q(J(WQ Wy s Wy )>7
D D 2 =@
Fioon=q, sClwy ywy” sw," ) >,

1 _
(@) ~ (@) (2) (2)
F0120:?<q0 ’(/(WQ Wy s W, ) >,

1 _
o) 2 2 )
H(>021:?<qo SCwy” swy™ swy ) >,
(2) 1 =D )
Hw=<q, .Clw, " ywy swy) >,

1 o
Hyy = ? < qéb vC<W;D ’w(()n 9W;Z)) >, (28)



30 g J1 %

TR B

2024 45 22 4

Hrp CCey oy o) Nl NOX) FFHf AE (10 22 51 06 B
2R V. AR 22 T X AR E YA aE L XA
[ dn 4 i) B
o :[011 ,"',a,l,,]’r,ﬁ :[[@] Lo
y=Lvisrn .
ZIEH NXO ML 18, 1%
aaﬁm)—MuOC(aﬁmL )

an

"8/177 :IT ’

C”(a ﬁ,’Y) 07 O C1+,,(a’ﬂvy)7 ’

INn
C,, (a ’I}’Y)]T (29

T E ST
4in (')KNI(X)
JCI(u,ﬁ’”: 2| B
Gk =19 jOX ,OX ) | X=0
N N (XD

,+,,(a 9p9’}’>7 E % jﬂk}/[

jokil= 191 dx,dx; | x-o

(30)

MR 7 AR (1) AT AR A
Cla,p,v)=—Aula,f7, T ;7 +aB;7, +

a7, TaB7; HaBiY;) — Biju (a7 1m0 +

ajﬁl+1zyk + ak‘8j71+71 + al*nﬁjyk + akﬁ/ﬂ)’j +

a/+uﬁk7/ ) — CUM (ajﬁk+rzyl+r: + ajBHrnykfn +

@B Y 1n @BV i T8+

a[+nﬁk+nyj ) — Lijk/ (ajB/H»Zn’y[qu + ajﬁ/+2nyk+2n +

a k+2nﬁ)]7/72n +a z+2uﬁj7k+zn +a k+2nﬁ/72nyj +

@ rionBrian ;) — My (a;Brion Y 1vsn i Brsn ¥ pien +

a k+2n;8]7/73n +a /+3n;8j7/e+2u +a k+2nﬁ/73n’yj +

@ ri3Brian? ;) — Niw (@ Brisn? rosn B3, Y pvan +

a k+3nﬁj71~3n +a z+3nﬁjyk+3u +a k+3nﬁlv3nyj +

@3B ) (31)
C[*n (a ’p »Y ) = 7Aijh1 (aj+2u‘8k+2nyl+2n +

Qa j+271‘8[+2ny}1+2n +a k-znﬁﬁrzuyz-zn +

& 2B ivon? hon T QpoaBii2nY jron T

@rionBrron¥ jion ) — B (ainaBrioY 143, +

a j+2nﬁl+3nyk+2n +a k7271‘8j+271y/73n +

& 32 Y e T QponBrisn Y jron T

@ 3B ron ¥ i) — Cijn (@ 0uBrssn ¥ 1man +

Qg 271;81 30 Y bt3n + A py :%;;,8, ron ¥ 143n +

& 32 Y iran T QrsaBiisn Y jron T

011\37”81» t3n Y jton ) *Li,’/\»z (a jt znﬂkyz +0(j »z,,,gzyk +

A B T a B e T arBi¥ jron +

a lﬁk Y jton ) Mijk[ (aj+2nﬁkyl+n + aj+2nﬁz+nyk +

@Bz e T @B e FaBinnY e +

@ ipBr? o) — N (@ o B 50 T

@B i T CeraBiven? rn T @ BiconY i T
A g rin? jron T pnBrn¥ jon) (32)
EIL QYL Cla.p.y) FEKERD

ML A Ly R IERE wi s w s we” s we® LA

L, WRHEm & g, g0 s g0 5 ¢ s TR Q26 B A

R ZH 27, (28) Al TH5 L T AT A5 07 2 (26) /Y

HAIE .

2.2.3 Mz LR E M

Xt RE (26) , FRATTA T B E 8L UL Ak b

A2, =rie iz, =rye R (26) AT LLE A

7 =eReA)r, + ReF, 07 + ReF o7 7k +
[ReF 5 c0s(20, —20,) — ImF 5, sin(26, —
20 Ir 7}

7, =eRe(A )ry, + ReH gy + ReH yy0r,r +
[ReH 40 cos(20, —20,) +
ImH 550, 8in(20, — 20,) Jr,r}

0, =w, +elmQ.) +ImF 7] 4 ImF o, 7} +
[ReF y,0sin(20, — 20,) + ImF . cos(20, —
20 1r;

0, = w, +eImQ,) +ImH 75 + ImH ,,,r +
[— ReH ,, sin(20, — 20,) +
ImH 00, cos(20, — 20 ,) Jr}

(33)
M eRe(A,) > 0 b, A & A BiR., % &
B o N ML PR AR R e,
Ve Try s T J7 2 (33) 7T LA A, -
{|Re ) [ r) + ReF 007 +
ReF ;717 + [ReF g, cos(20, — 20,) —
ImF 5 sin(20, — 20, 1r ri}
{[Re@ ) [ r, +ReH g 73 +
ReH 07,7 + [ReH 40, cos(20, — 20,) +
ImH 5, sin(20, — 20,) Jr,r}}

€| 1 sy —>

%1:‘5‘

h:‘e‘

0, =w, + |e| {sign(e)ImA.) + ImF,,,r’ +
ImF o, 75 + [ReF y5sin(20, — 20,) +
ImF 50 cos(20, — 20,) Jrs}

0, =w, + le | {sign(e)Im.) + ImH j0, 7} +
ImH 07 + [— ReH 50, 8in(20, — 20,) +
ImH 5, cos(20, — 20,) Jr}}

(30



5

858 AT PRI Bl 2 oA B L A T A AR S R B R 31

L@ =0, —0, iz HIFET7 145 G i E R

JEAE R ¢ > er JADH R3O HAL N

o= la|r tar +a,rir;+Lascos(2p) —
bysin(2¢) Jr 7}

Fo=lalr,+ari+a,r,r] + La;cos(2¢) +
bysin(2¢) Jr,r}

¢ =[—a,sin(2¢) +b,c0s(2¢) +b, — b, Jri +
[by —b, —assin(2¢) —bycos(2¢) r;

(35)
Horpr, €0 ) 3R X 18 i ] oK 5, AH O R B
(26) 1 1) R EH A
a =Re(1.),
Jal =ReF, 00 =ReH yp;; 6, =1ImF ;00 =ImH o »
Ja, =ReF 0, =ReH 1 oby =ImF ., =ImH,,,, »
Lg =ReF, =ReH ,y, s6; =ImF ,, =ImH ,,.
(36)
iR (35) AR 8 OB ) - i X% g J7 8 (26) 1
FoE R JR 1 i
FRAE SCHR (36 ], AN o S 1E B¢ 1, 25 (] J8] i i
Bl R R 048 3l B e — AN R (A A < Y
a >0 MR — 20, a << 0 WA 2a. W PIZEJE IH)
iz By 1 R PR B LA I R AR B o ELAR T . %
=R EMZES, Y ay/a, > 0B FRE . Y as/a, <0
B AR s X 8, Y ay/a, > 0 BEAER
EaMay/a, <0 RFEE.

3 HEME

ARSCH E ] Galerkin J7 3 46 JRR 36 & (9)
PEAT B A, 2 10) P RS AT R 0 R 61
(TEC A S 7% SCHR 38 5 396 348 b, JROASE 285 4 17 4
HAES B R n=06 W45 BB 2080, Bl =
(12)72& 12 > B BB & ooy i i g, 0 (15)
S 24 HEW— B R oy R AL S5 SR, 2. 17 AR
Su BT B U AT VRl [T (i i 112 A
Kl 3Ca) 7. X 45 58 1 BT i bE B o > Ui 8 1 i
(ELIS , 7B7TEH A R L A8 1 A 2 Bl s S TR R
Wiz gh. T R SCrh RIS Bl A I AL B
BT w, [ (25) Jhl T L i A8 fh il £, Bl
TR — R i 2, an & 3(b) TR,

FESCHER24 07, Jo e AN B A [0 28 C6) Ty B
{824 100, 76 CHk (31,32 & BYHUE K 10°. A

e X BIBUE A TIX P Z 0] 75 56 ke 389 gl J 3
BB, 53 40, 40 b SOk [3(23) KI5 i 3¢
FLAEAN AR 4 B e B i) A A (R A £
PR 1 2% ¢ B A S M0 a2l 1) 5

24

» 90
=7 ol
20 80
£z 870
ke 5
o 16 2,60
gl4 & 50/
=12 E
210 8%
=1 5 30
£
8 20
4

105 0102 0304 0506070809 1
mass ratio
®

0 0102030405 06070809 1
mass ratio
(a)

&3 Ca) I Sy —Bud L M2k (b) I S — B ik LE h 4¢
Fig.3 (a) The critical flow velocity-mass ratio curve;
(b) The critical frequency-mass ratio curve

MG 3o 2. 2.3 JA B 3h B AR e vE 7
YA BT, FE T NN EE k43 B 4EF 100, 200,
500, A R MNA R E & [WE 1 XG4
A 0.2.,0. 4.0, 82 B, 8T ) sa,sas BIE K
FIWr ay/a, ay/a, BIIES, PSS — —Fm
gz M ENE MR e X TREL B
WA B s 4 TR (AT — 38 00 2, 45 I8 7E i
S 18 JE 332 Bl i [ E i A 0 I R — AR B, 2
RUEE 17 B AR T J 802 3 R s TE D AR by
“LTR AL 5 A I R A 1] R 2 B B E e
B S — AN B R0, i A 23 (] JE ) is
B FRIRFEY AL AR R 07 A B TS s Bl i AR
TR Z S e S &, BISE M, BAKINF , X 45
FERY &, ok SEANI , FRE T (BAE ) JE 9 iz Bl F
ANFEE T (B S (8D Ji 38 3 i A2 o SR A B
Bl a3 Bt A A B A B OR R ANAE L A A0 R AR
LR B s XA E ) ko€, S A8 E - I (B A D
Ji 3 1z 2 AN R e V- T CE A [R)) JE 3 0z 2 1Y 22 4y
AR LR D, thE) 4y F S B B SR AN A
Hor R e e i — Mg J L, K& 4(a—>b—>
O WAEALFIE 4(d—>e—>D AL A & HE 4
(g—>h—>D ML B BT I, B 24 o BE B 2L TR o
TE (RN &, 8RR 53 W BE 1Y) A8 Ak X 48 1 2l ) o
7B B . W 4(a>d—>g) [ 4(b—>e—>
h) (B 4> =D BB BRIRE XS ER b,
€, 0.2 38Im% 0.4 LK 0.4 8% 0. 82 A4
SERIDARE L e T U (A SR L R TN I N
M0, 2 HEINE 0. 4 FEIG N E] 0. 82 W, IE B J1
P J5T B 8 A B dnd 2



— 7, o W, N
32 gy 1 ¢ E & | = 2024 22
2 25 @ 25 2 25
2 —#¢— stable planar periodic motions g —#t— stable planar periodic motions g —— stable planar periodic motions.
S —— unstable planar periodic motions S —— unstable planar periodic motions 2 = unstable planar periodic motions
E 5| |=@—stable spatial periodic motions E 5| |—@—stable spatial periodic motions E 5| |—@—stavle spatial periodic motions
£ =@ unstable spatial periodic motions 2 =@ unstable spatial periodic motions & —e— unstable spatial periodic motions
B - demarcation of stable and unstable periodicmotions| S | |-=--- demarcation of stable and unstable 2 stable and
15 k=100, & =02 LR k=200, £=0.2 a5 k=500, & =0.2
£ J = b = b
@ 1 & 1 & 1
e ; ' T E :
: : E E :
- ' ' -1 -} 1
g os : g os £ 05 :
k= ' 1 = 2 :
o | i = . |
o | i P o I
< i i < =3 1
= 0 = 0 s 0
S ' 7 S S '
-2 o, 4, a, g 5 D5, s B 9, 9, %,
5 2, %%, %, 54 2, g, z 2, %y, g
£ % % K £ 2 % % £ > % »
705 705 B 05
S 01 02 03 04 05 06 07 08 09 1T 01 02 03 04 05 06 07 08 09 17T 01 02 03 04 05 06 07 08 09 1
mass ratio 3 mass ratio 3 mass ratio 3
@ ®) ©
2 @ 2
2 25 £ 25 £ 25
3 =t stable planar periodic motions 3 —¢— stable planar periodic motions 3 —¢— stable planar periodic motions
£ == unstable planar periodic motions £ =¥ unstable planar periodic motions £ ==~ unstable planar periodic motions
G 2} |—@—stable spatial periodic motions G 2} |—@—stable spatial periodic motions G 2} |—@—stable spatial periodic motions
35 —©— unstable spatial periodic motions. =] —©— unstable spatial periodic motions. 5 —©— unstable spatial periodic motions
2| k= demarcation of stable and unstable periodicmotions| .2 | |[-=--- demarcation of stable and unstable periodicmotions| .2 | |----- demarcation of stable and unstable periodic motions.
5 5 5
oI 215 S 15
= k=100, £,=0.4 = k=200, £,=0.4 ] k=500, €04
| | i
3 & &
- 1 - 1 ot - 1
g g [ g
5 H] . g
£ os £ o0s [ £ os
o =Y o o
B & Vo Doy
5 S g H
5 oeeoie . 5 oeeoie R :
B 9, 9, 9, 5 9, 9, 2, b 9, 9, 2,
2 2, %, %, 2 2, 7 g 2, 2y 3
g S k4 2 Yo % %y 2 Vo %
Z < 2 T Z S
Z 05 Z 05 Z 05
01 02 03 04 05 06 07 08 09 1 01 02 03 04 05 06 07 08 09 1 01 02 03 04 05 06 07 08 09 1
mass ratio 3 mass ratio 3 mass ratio 3
(d @© ®
2 2 @
£ 25 £ 25 £ 25
g ==t stable planar periodic motions g === stable planar periodic motions -g ==$¢=— stable planar periodic motions
=1 —— unstable planar periodic motions 2 —— unstable planar periodic motions =1 —— unstable planar periodic motions.
o 2| |=@—stable spatial periodic motions o 2} |=@—stable spatil periodic motions & 2| |=@=stable spatial periodic motions
5 —©— unstable spatial periodic motions 5 —©— unstable spatial periodic motions 5 8 unstable spatial periodic motons
2 - - - demarcation of stable and unstable periodic motions | .2 - - ~demarcation of stable and unstable 2 stable and unstable iodi
53 5 5
15 2 15 218
= k=100, £=0.82 = k=200, £,=0.82 = k=500, £,=0.82
s s s
& 2 2
% & %
T 1 + 9 1 9 1
E | ' | = ]
g 1 H g g
5 Eod : 5 5
g 05 ! ! ! g 05 S os
. | i | = =
P i i ' P o
s | | | 5 S
2 | | | = 2
g ° DR ! 2 ' ' i g o B v
k31 g k34 o 9 g ° 9
2 %, s, 2 %, %, %, ] ", %,
£ % % % £ 2 5 %, £ % % 2
Z Y % % Z > % " Z aQ ) 2
Z 05 " . G N . . N s Z 05 N N N " " " N " s Z 05 n " n L N " N n
01 02 03 04 05 06 07 08 09 1 01 02 03 04 05 06 07 08 09 1 01 02 03 04 05 06 07 08 09 1

mass ratio 3

®

mass ratio 3

LY

mass ratio 3

®

B4k F &, WA [ {EL A 19 258 A 300 38 S A o P I L P 22 b
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Table 2 The total length of interval of mass ratio
corresponding to stable spatial periodic motions

&y k=100 k=200 k=500
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0.4 0.47762 0.47848 0.48103
0. 82 0.50183 0.52228 0.57081
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Fig.5 (a) The position relationship of the free ends of the pipe in

two directions; (b) The steady-state vibration of the whole pipe;
(c) The velocity-displacement elationship diagram of the free ends
of the pipe in 3 direction; (d) The velocity-displacement relationship
diagram of the free ends of the pipe in ¢ direction; (e f) The 3¢

and ¢-¢ relationship diagrams on the Poincaré section
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Fig. 6 (a) The position relationship of the free ends of the pipe in
two directions; (b) The steady-state vibration of the whole pipe;
(¢) The velocity-displacement relationship diagram of the free ends
of the pipe in 7 direction; (d) The velocity-displacement relationship
diagram of the free ends of the pipe in { direction; (e, ) The »-¢

and §-¢ relationship diagrams on the Poincaré section
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Fig. 7 (a) The position relationship of the free ends of the pipe in
two directions; (b) The steady-state vibration of the whole pipe;
(c) The velocity-displacement relationship diagram of the free ends

of the pipe in 7 direction; (d) The velocity-displacement relationship

diagram of the free ends of the pipe in ¢ direction; (e.f) The 5-¢

and ¢-¢ relationship diagrams on the Poincaré section

VA TE A RR E - T A iz gl 5 4 (oo 1 T
— B FEIR B 1Y A A 07 T, I R BT b (R =
0. 58) X i 114 1l - 2 [ Bl 3 Ca) AN 540 % [
3(b) 14318 9. 8530 A 26. 48825 >4 ¥ B #H 1 IIfe
FHE 0. 2Ch /NS B 38 2k B 158 T A B 0 4
(9 11 JR A%y 26. 8972, HE 3T I LA %K.

Bk =500,6,=0.82,8=0. 58, RIEE 4Dy
T, b B 4 T AR E 1 2 ) B 09 Bl R (12)
MO RO B E T AW p. 0o R EMXR
K 8Ca) ~ & 8(d)F7zs, L =0 i Poincarée #{
VEBLGHEL LG g 5 ¢ X X EMXERINE 8
(e) J& 8D, ¥ (Y BEAS MO SLBI 21 (A i R S A Bl
MBS KB MER E M R EME, 5’ 4
DR —2. B 8 5K 7 7E S50 L1 22 AU H
&, AR FIE A A R . &, (3 in A 45 5
AR AR E 0V 1H JE W32 B 78 BT AR A 1 A ) A i
gl BIE T B SCH oG T g, 1y AR ARkt JE I OB 3l i 5

M 5 M >/
¥ = A U= 2024 22
0
2
goz
2
= 04
=
s
=
3
2
2
5 08
1
02
04
25
2 2
15 15
1 1
05 05
=0 0
05 05
- -
15 15
2 2
25 25 : .
201 -008 006 004 002 O 002 004 006 008 01  -01 -008 0.06 -004 002 0 002 004 006 008 0.1
7 ¢
(©) (d)
005
. 55
00af & S
: 5
003f*
002 45
001 4
“ oo w35
001 3
002
003 . 4
004f N
005

>
(e) ®
B8 ()l A H S 7EPIA T LR SE &R s (b) A IE
FRASIREN; (OB E H e p 7 LRALRS — MR R
(DEHE A MIRTE ¢ Jr i LA — R
(e,0) Poincare W I 9 5 ¢ Xt 5 EMRR

Fig.8 (a) The position relationship of the free ends of the pipe in

two directions; (b) The steady-state vibration of the whole pipe;
(¢) The velocity-displacement relationship diagram of the {ree ends
of the pipe in 5 direction; (d) The velocity-displacement relationship
diagram of the free ends of the pipe in § direction; (e, f) The 5-¢

and ¢-¢ relationship diagrams on the Poincaré section
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