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Fig.1 Model of the flexible joint
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Fig.2  Model of the flexible-joint flexible-link manipulator
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Fig.3 Model of the flexible link with an elastic constraint
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Fig.4  Structural model of the flexible-joint flexible-link system
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Stiffness of the torsion spring k IN + m/rad
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system compared to ANSYS

Order Our result ANSYS result
1 1.1193Hz 1.1191Hz
2 7.6047Hz 7.6011Hz
3 22.1814Hz 22.169Hz
4 44.6302Hz 44.603Hz

TR M T M E A DL 19 30 ) 2 A 31
1.0
)
=IO
5
=]
Q
2 0
&
2
—§ -0.5 our result
S| |eeesennnas ANSYS result
19 0.2 0.4 0.6 0.8 1.0
Length x (m)
(a) 1 PriEas (1.1193Hz)
(a) 1% order mode (1.1193Hz)
1.0
z our result
T 05F |meeeeennes ANSYS result
g
&
g o0
=
&
2
5 05
3
p=
105 02 04 0.6 0.8 1.0
Length x (m)
(b) 2 frids (7.6047Hz)
(b) 2™ order mode (7.6047Hz)
1.0

our result
---------- ANSYS result

Modal Displacement y (m)
(=]

0 0.2 0.4 0.6 0.8 1.0
Length x (m)
(c) 3 Bz (22.1814Hz)
(c¢) 3" order mode (22.1814Hz)

our result
---------- ANSYS result

Modal Displacement y (m)

0 0.2 04 0.6 0.8 1.0
Length x (m)
(d) 4 Birfizs (44.6302Hz)
(d) 4" order mode (44.6302Hz)

K6 HAREIEIRG ANSYS Xt (JA—1k5)
Fig.6 Mode shapes of the FLF] system compared to those of ANSYS
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Table 5 The natural frequencies of the cantilever beam
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Table 4 The influence of the stiffness on natural
frequencies of the system

k (N - m/rad) 1% freq 2™ freq 3" freq 4" freq
0.1 0.5203  6.5407  20.7244  42.9804

1 1.1193  7.6047  22.1814  44.6302

10 1.3966  8.7667  24.5805  48.2310

100 1.4367  9.0039  25.2116  49.4055

® 1.4414 9.033  25.2926  49.5634

PA_E SRR, 51 B W E B/ N, S 22
Xt ARG 1 AR AR R AR, X 51 % 1T HAT
(R - AR S P TR L v, O W 5 2R PR AT
2SR SR AT AR 2RI, ST R] LU AR 2



53 1]

SRIGE T4 AR ST RN AT WU 10 3 Jy 2 33

WIPERY? HAThit, TAR b 2 — R ) e 2
Tt E G PRI RN FA T A TRA T
g PRI RS I THT, AS /N SR SRR ST HLAE R 4
L5 R — B [T A AR A UL r R IR 51
A n] AR WP , B HEN a0 R

HED L. IR r Rl B 7, R Al ARRAR
WL

o= r i ARSI RIEE & AR i 5 W0

k..
HART AR (34) ,r n] Lhpy B 2G5
Saw ,%
" Bl 0

o, Bergy T B 73 AT RG22
RO, S350 AT DL 3R (32) R o
cosBlcoshBl +1 =0 (51)

By =pln= ETI on AR RN SR K

XS EACA(32) FI(51) 75
cosycoshy +1 =0 (52)

cosysinhy — coshysiny + i(cosycoshfy +1) =0
ny

(53)
FRE(52) MR — Nl y, = 1. 8751, 7R
(S3)MIEE—R R n A1k BYAELRMERRE v, = v,
(n, k).
%[‘E‘:@J Y = Bl,’)’1 = 1. 8751 il Y2 = 'Yz(n’
k), = (50) ] LAEAE
r= 22 = (k) (54)
BUECE r 0 n A1 E BOAERPE R SR 350 2 n
0.0813.0.1626.0.3252,r %F k (A h < tn & 8 or
IR MEGZEIAT UL, r Ko TF kB B i 3 ek A, B
BERIEE kGG K. X R Y b KF kB, r —2E
KT r,. FEARAEN 1, Mo F AT DL 2208 561 i 22 k.
B, 24 r 5 5, FAH LAY kit v L) T 2 5 T LA
ZWE AT M. T AN A kTR R

—
~
205
[+
n=0.0813
— — — n=0.1626
n=0.3252
05 5 10 15

k (N-m/rad)

B8 AFBESECT AR AW C R

Fig.8 The ratio of the frequencies with different parameters

S3HI4 1 40,95 .0.97 0.9, G HRIE k, 15

ZHn BRFRNE 9 Fios, al W k5T n B2t
PRE, IR N -

k, = Pn (55)
Horp P oS r A RIAREG B9 Pl P EIY BN
37.1361 .63. 8008 . 197. 1245 3 i B 1158 v L1715
P 5 r WA K 10 Fis, P R T r ARL
PR K. R 1 10 5 R AN(SS)  IRAE 115
AR EEF AR S HOT G AW &, 6140, %
TOTEAE RS HLBE R 58, 245 r B 0. 95
0.97.,0.99 I}, AHRL I FHRIEE £ ANZE 6 BT 7.

2000 .
r. =095
— 1500f | __ _ _ , =
5 500 r, =097
E | r,=0.99
z 1000
<" -
500 R 1
0p 9 4 6 8 10
n (N-m)

B9 A r i IEFRVE kSRS R

Fig.9 The k, —n relation for different r,

RO AR r B, ZFEXTHME REHIGSTRIE £,

Table 6  Corresponding k, values of the system for different r,

T 0.95 0.97 0.99

k(N + m/rad) 6.0383 10.3740 32.0524

200

150t

& 100

50

r
c

10 PYr xR
Fig. 10 The P —r, relation

3.4 EFEGHFELER

A /N 300 3 A ) A L ST A e R AR S 4
HIRERL IS & Tz s, b TS RS 1e
ek, Wt RGEAE B Bk B o e = AR RS, o T
SR A PR A A ], FE ST i s R R — b
HAWRSIRI DI REm R k. ZEBITESE 2.1 75
A3 T RGERRIIIE, IR i AR IE4
H P RN Y R B SR T AR



34

oM % W 2022 4E55 20 %

PR R HATE S

NIRRT LT EL, DL UEAS SCHE Y 3l
AR A s Sh P B O B e B A
SCRETUAISCHR[ 21 ] AT B3t ZVD S A 4
I PD 2. SCHRL 21 ] 7E AL Spong BRI
IRIRAEFRNT, IR B 5. e 4L
Hh BT DU Rl 5, Pl SRR O T HLAE AR S A
Is 25 3s 4s PNBERE Trad , AR AOFE (55 A& 11 fr
7, PD RIS K, = 0.6,K, = 0.3.

1.0 /'

a/"
/ 4
7
—~ / /’
3 /s
505 / P 7 Case 1 (1s)
%0 £ .= — — — Case 1 (25)
//,/ Case 1 (3s)
2 Ll Case 1 (4s)
0 L L L L L
0 1 2 3 4 5 6
Time (s)

K11 PRz R IR R
Fig. 11  The initial angular control signals for 4 cases
TESE— LA E, R PER AT RIS & IN -
m/rad , 73 51| FAS SCASE RS A SCRR [ 21 ] rp g A 2
VEICHT P BT s it ZVD S ARSI 2 , AR AR

BN ZVD SRR 7. i EmHEH] ZVD P
for Al PD 45 il e A P 1 28 Gt oz sl [a] N4 il 9 3
DFEAR I 12 ~ B 15, Horp & 12(a) ~ &1 15(a)
N ARG f BE RIS TR P, ] 12(b) ~ [ 15(b)
D HUBRE A S A8 B O B (8] D A, P 12 () ~ [ 1S
() B ML) 0 A0 By st 1) P . WS 12 () ~
P 1S (a) AT LAFE M, 25T A2 700 114 475 1 25 # 1T LA
IR GERNR H AR, E e SCRR[ 21 ] i il
BT A T LL A 2R G SR B K I 1 e A A
JEE 336 S PR g AR SRR f o] A AT 341 T8 R R A1
AR, WA T MR AR O i, 4 il i R P e
I 18] B 28 G0 4 1) B AR i 4 . A1 i, SCHik[ 21
HH AR R T LA 28 27 B PR S0k T 1) B A1
(EUZ X TS MU SR UF , MU 19 R i 2135 45
P IS AR B i A6 2 14 s [R] 2 42 o S5OR:
U R E SR AR, DRI, S DR 8 3K I 7 1) e % A1
JETFFAS TR 12 il fe O PERE 4. WAL 12(b) ~
15 (b) RTRUA H 3T A3l T “A B A 4% il 2
A AR PRSI BR S ME R SR 3D, I R A
SCRE R i i P e HA A O AR S R RE. WL
S 12(c) ~ B 15 (e ) AT I, fiiT FAS SO (1 42 )
Dy MR B -, o ] A BRI

®7 k=1IN-m/rad Bt RGEHEHIEM ZVD BRBZSH
Table 7 The frequencies of the system and ZVD parameters when £ = 1IN « m/rad

Model Order w, (rad/s) A, 1, (s) A, 1, (s) A t3(s)
Our model 1 7.0330 0.2612 0 0.4998 0.4467 0.2391 0.8935
Our model 2 47.7815 0.2849 0 0.4977 0.0658 0.2174 0.1316
Our model 3 139.3696 0.3085 0 0.4938 0.0226 0.1976 0.0452
Our model 4 280.4201 0.3241 0 0. 4904 0.0112 0. 1855 0.0225
Model in [21] 1 9.0565 0.2500 0 0.5000 0.3469 0.2500 0.6938
Model in [21] 2 56.7559 0.2500 0 0.5000 0.0554 0.2500 0.1107
Model in [21] 3 158.9181 0.2500 0 0.5000 0.0198 0.2500 0.0395
Model in [21] 4 311.4161 0.2500 0 0.5000 0.0101 0.2500 0.0202
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Table 8 The frequencies of the system and ZVD parameters when £ = 0. 1N + m/rad
Model Order w, (rad/s) A, £ (s) A, 1, (s) A, t5(s)
Our model 1 3.2692 0.3737 0 0.4752 0.9709 0.1511 1.9418
Our model 2 41.0961 0.3595 0 0.4802 0.0771 0.1603 0. 1541
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Model in [21] 1 9.0565 0.2500 0 0. 5000 0.3469 0.2500 0.6938
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DYNAMIC MODELING OF A FLEXIBLE-LINK
FLEXIBLE-JOINT MANIPULATOR*

Zhang Xiaoyu' Liu Xiaofeng'" Cai Guoping' Liu Chuankai’
(1. School of Naval Architecture, Ocean & Civil Engineering of Shanghai Jiao Tong University ,Shanghai 200240, China)
(2. Beijing Aerospace Control Center ,Betjing 100094 , China)

Abstract The flexible-link flexible-joint ( FLFJ) manipulator is typically a nonlinear, strong coupling, and un-
der-actuated system being quite difficult to be well controlled. To improve control performance, proper selection
of system’ s dynamic model is of utmost importance. In this paper, the dynamic modeling problem of FLF] ma-
nipulators is studied, and a modified modeling method is proposed. In this method, the flexible joint connecting
a flexible link is no longer simplified as a rigid joint and a torsion spring, but simplified as a rigid joint and an e-
lastic constraint of the flexible link. Then, according to structural dynamics, Hamilton’ s principle, and the As-
sumed Modes Method, the rigid-flexible coupling dynamic equation is established. Compared to the traditional
method, our proposal can reduce the degrees of freedom of the system, and establish a more proper dynamic mod-

el for controller design. At last, numerical simulations verify the proposed dynamic model.

Key words flexible-fink flexible-joint manipulator,  dynamic model, = Hamilton’ s principle,  assumed

modes method,  vibration suppression
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