5510 45 4 1992012 4F 12 o FEE B E E R Vol. 10 No.4
1672-6553/2012/10(4)/293-6 JOURNAL OF DYNAMICS AND CONTROL Dec. 2012

ETHINDSHHRENNE=MRER"

EEA HRm
(1. TP K2 e b 5 R AT TR 400065) (2. Al R KPP 0% 625 BRIL 430074)

WE RN R R 20 57, e 4 O 1L RE S IR BV E AR PR R L IR S TT iR 2
FET R 2 LTRSS, 3R S BN AR LR ME R TR 24T 0 BB 5 B AT e R T — PR AR S, AT A
AT LA TR AT o A AR 20 A7 AEVEUE ] A MBAG T LS N TEBL R 46 78 25— R I 5E. A SO
M 5 55 2 A B TR D B B AR AT S o R, GBI E IR TR X B D RE SR R T IR AR AR IR REIN L
B ASCE S AT #HI Y Smale T BT 464 28 ST SO B HEE 10 I A s ARG A 41 7 2445 i 44
LS E, BHE TR S A AE AR CE R RIS 50715 s e, MR R S BTSSR A HsTool, AL it
5L Henon BT HIZE 24 1) Saito HLEE 1], /R HLATi b S B O BIF A e

KR R, HF R,

51 &

RIS 12— R RS 1= R G R
SR A 2 1) S5 ABL TC R 40 P B AILA T Sy, v
B AT SR, B P R R 7E 30 7 2% R G vh X R A T
SR BEAL T LI , AR R Ak RN, A Bl
J1% AT R RIS 5h 5%

TR P R AR X 2% ) SRl , sk
SN REANF VGRS T G, A
EWHEVIEA f:D—f(D) CR® L4 B4 —B
BRI, 22 ) 2 B A AN ). X AR R B
SRIL TR v J2 3 i A7 A 1. 3 4 11 ) B 20007
S MO X E AR T A A4 AT LR B R
NN BE A

MIUA] 5 18 KT, FETRIE 1 — ZR 5 B R AE
i, H1 S, Smale % PR A) 5 B i T B O ARAE . B
TE Y 2 B R B A DG HIE B & B AR e M2 B Y
—ANEEGY S, B R Z SRR A T2
AR R S AR LR PE v it e 45 b 2 Ik
MBI 1F R G5 R, A SCRSE RS A T B
IR R FE L5 DA SO 7 .

1 M Smale DEFEI ¥ 5 5
AT AT B — T Smale i, SR 5 7p

20120326 YL B|%5 1 5 ,2012-06-14 Y F &R

g iee, A,

Ve TR e 5

A AR Jot, RS | G BEACHH D B B B

1 Smale b LR H A A 260 B 2%

Fig. 1 The smale horseshoe and its vertical and horizontal strips

FATATE , — A A AR BUS, Wn2RA7AE Smale 5y
5 A 2 W s SRR L. B E B DCR?,
AR ARy IR 02 f 8 D WS BT 1 s i
BRI, 6 58 DA E 5 1 N T 172 B Ee s
SRJE KT I AR T 2 (9 BB A, B e I Bl
BPARE R R D b IS ABAIFR f4E D 1A Smale
Lhif. AEAL PRI PR IR, D BT R I A 2R —
SEIETTE S(D) WA —ERE 1 ARFERN, H 2 D
D) RECR AR T HRAE ) RH X007 5 28 (Al
JelFIR) B R]. BARR UL £( D) 75 B 3% 5 P 45 X 8
Dy G D" AR D" Z ), Gt H AR D'
FAT G D7 255 DX B f(D") Ff(D") A T
[, %k 53— f (D) FF(D") TE 45 %F 1L G
K.

Smale T i ) A< 5t Al LU T Bernoulli £ {37

# [/ ARG (10972082, 61104150) , R T BE 22 4 (estejjA40044 ) | B3 JRMR AL R 24 14 LA 3li4x (A2000 - 12)

+ Wl IHAE# E-mail ; yangxs@ mail. hust. edu. cn



294 B %5

EC I

2012 4E45 10 3

SHgCHE R R 1T ASHER B (D) ND 2™
TR A, BY_ B 2% D, AR 2% D, i f 20
FIIE, AT AR BN 22 8 46 D, =f ' (D) Fil4q
4D, =f (D). TR IEW f 7 EH —
HBTE A AR LR

Adxlf(x) e (D,UD,) N (D, UD,),n B
AEEL ,IF H S5 Bernoulli FA WU IEYE, B
PR FERT S 3k 2 -3 1.

JLAE Smale H BEARAT 1M R TIRME IO A 5T, (5
SEBRN B AR 7. 5, P2 IR RREAAF
Smale 5y s 5K )5 . f A5y R 225K 3 5. BE A,
Smale b BT H A 2375 e B EORAR AL iR OB 1 11
UE B, 33 B 05 A2 ST () ' T T R e LU R 7
26, TS B500 FH B A 30 38 DR ), B 3 AR AR I
RAlF7. A, AR S3h J2 g TR AR
(977 T 6F b R B EAT i, B o o R e
Conley 15 #5 B & et A T, BER 4 BT
VRO R R T R s ] R B RO
Horp 3 5 B BRE EXF Smale E&E%E’JE%TET“, A
FHYE LT hFD-5 35 0 LR -

EX1.1: & f:R' >R E—ELMG, #5747
TEf I — BB FEACR 15 £ R
A E5 m BB o (CF) IFh e, BP7E7E S
A A BEIZEE S, CES) IR A3, #i15 h
of/ y =0 oh JBAFR f HATHFH .

XHEMP Y, &— Cantor ££. 0 £ 3, LA
55 AT EA R, o5 AN AT B AR R, DL K —
ANPBRIE. o BFFME R I, X5 R A UK
O, DY TR AR AN R e X, S, AR A
IR L A2 B 4544,

ZAR TN B S VP S N A s A
HENBENE S T RBERL X m A
/T2, 5 AT LAAD Smale I —FEE B P A~ H AN HH
LW A B R, ZF CFE[10 - 13 ]
FIA TAE R RS &, SCER 1T - 14 T3 4 7 ¢ T3 Bt
FESEWLT 40 P S 5 | B Z FS T S A, BAR

k.
X RBEEASE], D JE X R TS AL D A
FEOAMZH RS TR D, , -, D, D, .f: DX

RFESEWLET, AR £1D, ARiESE.
EX L 1Ay ZRDWETFE NTHEREISIS

m,y, =y N D, E78 HEE WFR y Jgxh 0

w1 D, WIEE y H— f%XTT“?D.,-", mDm
Eﬁ‘ﬁ?ﬁ,ﬁ

veF=f(vy,) eF
W} F FR R X RT D,y w1 D, B f R

FEFE L. 1(%%251? %lfi)@zwﬁiﬁé/\ﬁ
T Dy,,D, D, [ fEERE F IR 2K A —
%ﬁTQ%KCD,@ﬁﬂK'@ A m R S
bty H A FRFME ent(f) =logm.

2 HINDEHEERNSEY

SEEN TS 3 TR AT AR R , 7
DAAE I AT — M, F I A 14t P 2. 1 1
S P TE , B e A S AR
I

EN2.1: 4D FID KD, WHA AL
(9% T4 0T D 19— A B T4 1,47 LN D! # 0
FIND 0, MIFK L %4 D! 1 D, 35k D' <D

EX 2.2, A lCD, R EE T,
BT () CD, B DED?, Al
Fr (DM D! R DY 42455 D, ek £(1) 1D,
(W 2). Wi D, i, 3 FAER L DD (3%
S TAE L) 1D, # AL, Fe B F (D!, D?)
HI(D!, DY) (D)W M%EE D,,ieh f(D,) 1D,

ST e TR
| D, D,
4
4
=l B
o | D .

B2 e =GRS P — 4R 2 5
Fig.2  One dimension of the 2D and 3D continuous mapping

are passed through appropriately

MR i SO AXER Y, X B 6 2 28t
AL, 1), 45 /(D) 1-D, H f(D,) =D, ] f
(D) 15D, ZEF A By FH b DB i T3k, 8
AEAS T T FRANES , uE B L SR 17 ].

2.1 AT 1<i,j<m,f(D,) |
—D; 18 ST B4 IRFFAE— BB KCD il



%53 1]

ARG LN S BRI 3 1 DR SE -

SIK EILHET A0 m B o1 3, I HAR M
ent(f) =logm.

L2 11 IR D AR WA R AR HISE
BT D, M D, f" 1D, Ff 1D, 2y IR, iX
Hom Ml n ZIERERFEH /(D) 15D, f" (D) 1—
D, Hf (D) |-D, , R ATFAE—NBEAE T KC
DA K IS 2 SR, 9 HAR M

1
=
ent (f) 2m +n

URFRATAE b i 2" SO — B AR TR
SRR B R GE T I iR L TR A 1Y
7 AR Oy W W AR D BT IR AR T
CEET LT BT S5E AR R 2R B AR 2 e
AR, i, B D (e m o584 A
Sl T4 By, -+ B, M TALE B, /%%, H
FEh A 0B, L#AT B Rl B AN HASAA 5 i AR 2
EE S

E)Z 2‘ 3[15716] .

log2

WE ScB,, A TAE &%

B BY A B LR IE NS # @, MIFRATHR S & B]
BT R (LI 3). 8% f: B,—B, %t F44 B;
1 B; HylalREG S, 6 £(S) NB; (B} B ) Mk, &
ITBRFRXE T (B B2 FI (B} ,BY) f(B,) i b ol Ax 4
it B, il 0 f(B,) 18,

B3RS FAS) B,
Fig.3  Separattion S and f(S) NB;

EE2.21 . IMEE1<ij<sm f(B) |-
B BT, I8 A I IRAFAE— N AL KC D ffi f
| K LT m AL, H ent(f) =logm.

e WA SHEE 2. 1 BRI HER X B
TR R A FEBOE T A3+ 5 B 7E 6 A,
FEF 2.1 F 2. 2 Z5FAR  (BAR T R A R MR B4
UEESH , MAHES 2. 1 M AE A e s, (H - Fh
Wi /), 38 PR P L

N T MR R G R T, IR i
Zimf ) R4, WATE owm B — 1P 51Em

Poincaré #1871 , B H. 4% 1k S~ Poincaré Bt 5. 78 15 B
Poincaré f I ], 22 5k 5 B 28 55 A A AH DT, 31X 2%
TS AN RS, B TR 28 A T K
BARC it JE SR, PR 0 54 RS 118 4 4 D 5 B 1 5 —
AR 28 H U A LR ST 0T gk 2 B0
L, A THR ZHE AT R E AT WIE 7
Ta], BRI A 93 310 68 o7~ 4 - B ) WS 4 B .
T LG 22 T 2%, 20 i) LG8 A R L, TR
EARWE T D, 5B, I i A H S A SR
AR YRER, (6 s Ll v A ) R A 1

3 RERFNITENIENONTSRIE

R A S [ YN U E=3T WS
il A WS (D 2 B TR R, AT R E
T—/~ MATLAB T H.% sTool , fifi 538 5 I 11 1.1
AR AT S A, A E W R B 4 B R, SR X R
X, B LM Ik =4 Class P45 /2845 —
RIERSG" W RS NS, T
JELA Hénon WSS 4], 1 224 28 F) F HsTool T.H.
RN L B A SR IF 2K HE B Saito TR
UGN SRR AN A A A

Hénon WS Y 7 FR AN

(%13 ¥ier) =H(x,,y,) = (1 —ax; + by, ,x,)

BEEPE a=1.4.b=0.3 B, REWE] T4
K 4 prR

B4 THEMFERE R TIFE] S MRS S UL E

Fig.4 The screenshot of hstool interface, attractor series S

and the place of unstable periodic orbit

SR 1. A B R L TR
5000, 5 start” FEHULH| T S. 47,5
B 1 =2, 58K 6 =0. 1, S5 “show UPOs” |, 7



296 B %5

I T 14 2012 4E55 10 45

TEFFAE 2 R AR E J BB R B

A2 T ER—AEER T D, Ml
“Take D_17, Bl Z¢—A> 0] ., BB IOLAS (R0 T
PR T ) ) S (R T Wi 7 1)) 1) Z2 308 $84E
IF, FH BUbR e B e IR 2 0 I 5 0, il bR A
FRZE . 76 Border in polygon” Wiy A“[1,4]7 5
IRZITGINES | 4300 Dy 55 4 %3010 DY ATy
XA 2 (AR SR SR PR 7 1)) L 983X 2 AN B
FE BRI — D R NAEN ZHIEAE N D, #56
WE “Tterating times” 4. . , i df “H2(D_1) " #47
WG, ik label” 23 H SARTE IRUR AR 1 X0
PLSCE QS Fis. g TR /" (D)) 1D, X B
€2/ ¢35

130 .
"

2,
125k HY(Dy)
12

115} HY (DI

~1.1 -1 ~08 -08 -07 -06 -05 -04 -03 -02
@

F5 D, ,@Lﬁﬁ/@fz(l}l ) 1-Dy

Fig.5 Select D, with 2(D,) |-D,

S H2(Sp,)
~~~~~~~~~ e
5 T )
i
D{"fﬁ\
Tl ST
1 - N
= N
05 N
/
/.
-05 HYD})"
15 ] 05 0 05 1

T

EL6 /(D)5 H2 (Sp, ) M RS 4R

Fig.6 f°(D,) across the neighborhood H =2 ( Sp,)

YR 3. EIR—DZHIE D, Oy 1 Rl 2 S
(D) |=D, H.f'(Dy) 1-D. FAT—I7 LA L B AR
FESE I m WY RAE, 55 —J5 T, W 225008 D, fir
(a5 Sy, 1 n YRR H™" (S, ) (AR, 3l & BEAY
Ve m Al n, BRI /" (D) 285 H" (S, ) B
GBI, Ak, FRATTHE “ Select D_i” 51 & v 3£ £
D, , 1% “Reverse iterate” W n =2, i “H ™’

(Sp,) 7 AR K 6 Fn.

XIS, FATTH S8 AU % D, , 1 /" (D,) |
—D, 7. #A  W0E D A D, AL, S 2. 1
AR AL, JF OB — i I iR 22 5 B . 4 2R
FREN (1 S B AN T o, ASXE S BRIR] A i AL 2% A
H*(D)—D, \H* (D) —D, Fl H* (D,) 1D, , At

RPN /D log2

S

145 H(D} ys

o,
R,

125 HD ™

-1 -0.9 0.8 -0.7 ~0.6 ~0.5 -0.4

7 s Dy 7€ B 4524555 D,

Fig.7 Selected D, whith D, propely across H*

PR, FRATTIFFT Saito BRI AL, HIG i 44
IR

= —z-—w, j=y(28y+z)
z=p(x—-y), ew=x-h(w)
XHEAw) =w-(lw+11 —lw-11)RKrEBELltR
o428 y=1,6=1,p=14,£=0.01 B}, RGEH
AN TN 8 B R T % AR G S i L i (]
ARG, WATLL Piw, = — 1 2 Poincare I, & X
Poincaré Wi p: P—P, X TEE xe P, w(x) F
TN IR AR 25 A oo 3 R R I T R B ) 2Rk P[]
A A

[l 8

Fig. 8 The phase portrait of the hperchaos Satio circuit
AR (R4EZ0d) TR S B R R S
B, AR 7 BAERCN 3 4E. SEis i, IR

RGN



%53 1]

A LT BRI ) B 7

TR G PEAR 5 , e A m 5 | FF R LT 4b
E—A L W 9 Bis. O 1T 4R E B Y
4k, AT A5] A Householder 7%
X=[x,%,25,6,] =Q[x,y,z,w]"

AR R e He , 1l p B LA Y T 1) R B - T
2,0x, AT, W 75 6] 26 1 ASh. XS, AT
EHBE RS =07 opoQ 1 x, Flx, Aetbr,
HsTool 7£ x,0x, [ FEHZ Y, F-3 i hi i
gD B, x> Had R S T Hénon WS YL A
), X HAAEOR 1. RBIMAGENZHIE )G,
A g =RERC Y iyl 1 I o L S 1 R o et A Y SR
YE Ry BN A5 2T AA o F00, ANIE 10 FrR.

-6,
-8
-10
5 \

\

o\
2 e T
1 1.05 14 5 1, 14 115
x voss %

19  Poincaré Wi} 7 W 5|+

Fig.9 The attractor of Poincaré map 7

4
Aty

10 7 (a) G a F1 b, (b) #iFE o F b

Fig. 10 7°(a) and 7° (b) saperate a and b

4 s

ARICERIR T AR T A S B TR T 3 )

FOFITHERE. 155G, X I Y Smale BB #EAT T [A]
B, AT AR T, S T BRI N S B IS A T
LB B Z55R 1 3 T g M AR 5
o7 () R RN S BRI &, B T B
TR B 5 d5c S, FRATTAR T 96 41 5 85 1F 5 4
B4 HsTool , A2 MBS 1 5 Henon BSR4y 5], 14
48T HsTool HYMH I, DA R T 553" R &R
AP D B i SR A s T 44 B Saito HLHE, T
S JELLIN [ALER R IE R ST, 5 BG40 i Poincaré Bt
55, B AE 5 A F HsTool. AR SCTARAT B TR v F
FEB PG T RN S B S, DL S () i T
T

Z £ X W

1 Smale S. Finding a horseshoe on the beaches of Rio. The
Mathematical Intelligencer, 1998, 20(1) ; 39 ~44

2 Wiggins S. Global bifurcations and chaos: analytical meth-
ods. New York: Springer — Verlag, 1988

3 Robinson C. Dynamical systems: stability, symbolic dy-
namics, and chaos. New York: CRC Press, 1999

4 Morse M, G A Hedlund. Symbolic dynamics. American
Journal of Mathematics, 1938 ,60(4) ; 815 ~866

5 Zgliczynski P, M Gidea. Covering relations for multidimen-
sional dynamical systems. Journal of Differential Equa-
tions, 2004, 202(1) : 32 ~58

6 Szymczak A. The Conley index and symbolic dynamics.
Topology, 1996, 35(2) . 287 ~299

7  Kaczynski T, Mischaikow K, Mrozek M. Computational
homology. New York: Springer Verlag, 2004

8 Plumecoq J, Lefranc M. From template analysis to genera-
ting partitions: I. Periodic orbits, knots and symbolic en-
codings. Physica D: Nonlinear Phenomena, 2000, 144 (3
-4). 231 ~258

9 Plumecoq J, Lefranc M. From template analysis to genera-
ting partitions II: Characterization of the symbolic encod-
ings. Arxiv Preprint Chao — Dyn/9907030, 1999

10 Kennedy J, Yorke J A. Topological horseshoes. Transac-
tions of the American Mathematical Society, 2001, 353
(6): 2513 ~2530

11 Yang X S, Tang Y. Horseshoes in piecewise continuous
maps. Chaos, Solitons & Fractals, 2004, 19(4) . 841 ~
845

12 Li Q, Yang X S. A simple method for finding topological



298 IEEEE R ER 2012 44 10
horseshoes. International Journal of Bifurcation and Chaos , 033101
2010, 20(2) : 467 ~478 19 Li Q D, Chen S, Zhou P. Horseshoe and entropy in a
13 Kennedy J, Kocak J S, Yorke J] A. A chaos lemma. The fractional — order unified system. Chinese Physics B, 2011,
American Mathematical Monthly, 2001, 108 (5). 411 ~ 20(1): 010502
423 20 Li Q D, Yang X S, Chen S. Hyperchaos in a Spacecraft
14  Yang X S. Metric horseshoes. Chaos, Solitons & Frac- Power System. International Journal of Bifurcation and
tals, 2004, 20(5) : 1149 ~ 1156 Chaos, 2011, 21(6) : 1719 ~ 1726
15 Yang X S, Li H, Huang Y. A planar topological horse- 21  Hénon M. A two — dimensional mapping with a strange at-
shoe theory with applications to computer verifications of tractor. Communications in Mathematical Physics, 1976,
chaos. Journal of Physics A: Mathematical and General, 50(1): 69 ~77
2005,38: 4175 22 Saito T. An approach toward higher dimensional hysteresis
16 Li Q. A topological horseshoe in the hyperchaotic Rossler chaos generators. Circuits and Systems, IEEE Transactions
attractor. Physics Letters A,2008, 372(17) : 2989 ~2994 on, 1990. 37(3): 399 ~409
17 Yang X S. Computer assisted verification of chaotic dy- 23 LiQ D, Yang X S. A computer — assisted verification of
namics. International Journal of Bifurcation and Chaos, hyperchaos in the Saito hysteresis chaos generator. Journal
2009, 19(4) . 1127 ~1145 of Physics A — Mathematical and General, 2006, 39(29) .
18 Li Q D, Yang X S. Chaotic dynamics in a class of three 9139 ~ 9150

Chaos, 2006, 16 (3):

dimensional Glass networks.

PROGRESSES ON CHAOTIC DYNAMICS STUDY WITH
TOPOLOGICAL HORSESHOES *
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Abstract

(2. Department of Mathematics, Huazhong University of Science and Technology ,Wuhan 430074, China)

The topological horseshoe theory is one of the most important ways to study chaos rigorously. With

striking geometric clarity, the method bridges the gap between chaotic theory and numerical computation, and has

been extensively used in the study of chaotic invariant sets, computer assisted proofs, topological entropy estima-

tion, etc. In order to make more researchers understand this powerful method, we presents a brief review of to-

pological horseshoe this paper. We first introduce the history from Smale’ s horseshoe to topological horseshoes,

showing their essential feature; and then present some useful theorems, the corresponding conditions and numeri-

cal methods, as well as a toolbox called HsTool; then give two examples, the Hénon map and the hyperchaotic

Saito circuit, to show how to find horseshoes in practical systems.
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